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Abstract

Sequential Monte Carlo is a general framework aiming at sampling a sequence of mea-
sures (n,;n = 0) connected by some nonlinear operators. In the classical setting, the
simulation consists in a multinomial resampling selection step and a Markov mutation
step at each iteration of the algorithm. When the potential functions are [0, 1]-valued, a
well-known variant is to conduct a Bernoulli survival test before the multinomial resam-
pling step: the surviving particles will not be resampled, whilst the non-survived particles
perform a multinomial resampling. We go one step further, that is, we suppose that the
surviving particles and non-surviving particles will mutate according to different Markov
kernels. We refer this situation as “asymmetric resampling”. The idea is natural in rare-
event simulation and particle tempering problems, where the Markov kernel at step n is
np-invariant. In this scenario, the surviving particles do not perform a Markov transi-
tion while the non-surviving ones do. We provide a CLT-type result as well as consistent
variance estimators, which allows to conduct statistical inference with a single run of
the simulation. We also give some analysis on the behavior of non-asymptotic variance.
In particular, we provide an unbiased variance estimator for the unnormalized measures
under certain conditions. To do this, we introduce generalized coalescent tree-based mea-
sures and their particle approximations as a complement of the ones introduced respec-
tively in [CDMG11] and [DG19](Chapter 2). We firmly believe that they represent an
important and natural family of mathematical objects in the general framework of SMC.
They are connected respectively to the asymptotic variance and non-asymptotic variance
by some nontrivial combinatorial properties that apply to all the one-parent interacting
particle systems. We expect the same methodology may also inspire further analysis for
the models in a continuous-time setting, such as Fleming-Viot particle systems (see, e.g.
[DCGR17]), and more general resampling schemes.
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1 Introduction

Sequential Monte Carlo (SMC) methods are powerful numeric algorithms widely used in
many fields in computational statistics, such as Bayesian inference, filtering, rare-events
simulations, etc. The reader is referred to [DdFGO01] for a larger list of available applica-
tions. The basic idea is to simulate an Interacting Particle System (IPS) in order the ap-
proximate a sequence of probability measures (7,), >0 or positive finite measures (y,)n >0
connected by some non-linear operators. The estimators are naturally designed as the as-
sociated empirical measures at each level of the IPS. The proper mathematical foundation
and more theoretical aspects such as convergence results and bias analysis can be found
for example in the pair of books [DM04, DM13] and references therein.

Classical SMC methods consist in a multinomial selection step and a Markov muta-
tion step at each step of the algorithm. This resampling strategy is well-understood both
in theory and in practice. It corresponds to a natural interpretation of the Boltzmann-
Gibbs transformation w.r.t. the potential functions (G,;n > 0) on the empirical measures
(nN;n > 0). There are a lot of variants on this resampling strategy, such as residual re-
sampling, stratified resampling and systematic resampling, etc. The reader is referred to
[HSGO6] for a quick survey. Some theoretical analysis can be found in the recent work
[GCW17], emphasizing on the most important variants of the resampling schemes men-
tioned above.

In contrast with the standard setting, we study the resampling strategy that uses two
different Markov kernels, denoted respectively by M, and M,, at each iteration of the
algorithm. In the rest of this article, they are referred to as mutation kernels. Roughly
speaking, at each step, say, from level n — 1 to level n, each particle performs a Bernoulli
survival test w.r.t. the [0, 1]-valued potential function G,_;: the survived particle mutates
according to M, while the non-surviving ones executes a multinomial resampling, also
w.r.t. the potential function G,_1, after which a mutation according to the kernel Mn will
be executed. The precise mathematical definition will be given in Section 2.4.

The main motivation is from the generalized Adaptive Multilevel Splitting (gAMS)
methods introduced in [BGG*16], where the kernel M, is designed to be the identity
dx(dy). This idea is natural in the applications such as Particle Tempering and Subset
Simulation, where M n 1s designed to be an n,-invariant kernel. The original consideration
of this particular resampling scheme is to reduce the unnecessary computational costs
brought by the mutation kernel M,. Since the invention of Particle Markov Chain Monte
Carlo methods (PMCMC, cf. [ADH10]), the design of mutation kernels ]\Z,, becomes much
easier and more computationally demanding at the same time. One typical example is
SMC? methods (cf. [CJP13, CRGP15]). The basic idea is to use another SMC-based IPS and
freezing techniques to construct an 7,-invariant kernel at each level. One can imagine
that the computational costs are mainly from the implementation of the mutation kernels
(]\;In; n > 1), which can be dramatically reduced by the asymmetric resampling scheme
in this article if we choose M, to be the identity or some other “cheap” kernel. The same
situation can also be found in Adaptive Multilevel Splitting methods (AMS) in rare-event
simulation problems (see, e.g., [BGG*16] and [CDGR18]), when the mutation kernels are
proposed on the path space.

Another motivation is the symmetric sampling, namely, the case where all the parti-
cles mutate according to the same Markov kernel at each step. More precisely, it means
that M,, = M, for each n > 1and this setting enters the classic Feynman-Kac particle mod-



els intensely studied in [DM04]. It is well-known that the asymptotic variance is smaller
than the one under classical multinomial resampling scheme. The exact difference at each
step is presented in (20). As the symmetric resampling can also slightly reduce the com-
putational costs required by the multinomial resampling, there is no practical reason to
implement multinomial resampling scheme if an upper bound for G, is available. In fact,
more advanced resampling schemes can still be considered to reduce the variance, since
there is still a multinomial resampling step for the non-survival particles in this setting.
Due to additional technical complications, they are left for future investigations.

In order to conduct statistical inference, it is important to study the asymptotic behav-
iors of the empirical measures associated to the IPS (see, e.g., [DM04, Cho04, DM08]). In
this respect, if one has a CLT-type theorem for some test function f such as

VN (1) = () —— N(O.an( ),

it is sufficient to provide a consistent estimator o' (f) of ¢,(f) since Slutsky’s lemma
guarantees that

VN (13 (F) = mn(f)) _a
ap () N=
An asymptotic confidential interval can therefore be derived as a by-product of the simu-
lation of IPS. Although SMC methods are intensely studied for over 20 years, the classical
way to achieve this is still by resimulating the IPS independently many times and by es-
timating o,,(f)? with the crude variance estimator. This is not always practical: a single
run of an IPS may take a lot of time, and one also expects that all the computational power
is used to improve precision, rather than to estimate the variance. In addition, as the es-
timator nY (f) of n,(f) provided by SMC methods is typically biased, it is also nontrivial
to implement parallel computing for a large number of independent IPS with N relatively
small. As a consequence, a variance estimator available with a single run of the simulation
is of crucial interest for applications.

The breakthrough is due to Chan and Lai in [CL13]. By using the ancestral informa-
tion encoded in the genealogy of the associated IPS, the first consistent variance estimators
are proposed. Then, Lee and Whiteley [LW18] provided an unbiased variance estimator
for the unnormalized measures y¥ and a term by term estimator, which helps to better
understand the role of the genealogy in variance related problems. Then, a more numeri-
cally stable variance estimator is provided in [OD19], as a natural fixed-lag version of the
original one proposed in [CL13], when more stability properties of the IPS are available.
Another recent result is given in [DG19](Chapter 2), by extending the estimator of Lee &
Whiteley to the adaptive SMC context (cf. [BJKT16]). All these estimators are studied in
the classical SMC framework, meaning under multinomial resampling scheme.

From a theoretical viewpoint, the current setting can be regarded as a “playground”
for more sophisticated algorithms in the adaptive context and/or in a continuous-time
setting: there is no additional attention required to deal with complicated regularity as-
sumptions, and we can thus focus on the structural properties of the IPS. Similar to the
case where the variance estimators provided by Lee & Whiteley in [LW18] are still valid
in the adaptive SMC framework with some additional assumptions (cf. Assumption 2,
[DG19](Chapter 2)), we expect that the variance estimators provided in this article are
still valid in more general settings, and our methodology can also be extended in such
scenarios. The rigorous mathematical formulation of the current setting can be seen as a

N(0, 1).
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generalization of the discrete-time Feynman-Kac particle models presented in the litera-
ture such as [DM04] and [DM13]. Our technical tools consist in a new family of mathe-
matical objects, i.e., the so-called coalescent Feynman-Kac measures and coalescent tree
occupation measures. They are introduced in order to apply the same methodology as
in the previous work [DG19](Chapter 2), which can potentially be a universal strategy
to conduct variance estimation in the one-parent IPS context. We hope these theoretical
tools may help the analysis of more complex and advanced models in the IPS context.

1.1 Main results

On one hand, in a very general setting, we provide consistent estimations for the tar-
get measures in SMC context with controllable asymptotic uncertainty under our specific
asymmetric resampling scheme. Since the computations of the variance estimators are
highly nontrivial, we provide detailed and efficient algorithms with time and space com-
plexity analysis in Section A. If there is any ambiguity w.r.t. the notation, the reader is
referred to Section 1.2.

Theorem 1.1. Let (E,;n < 0) be a sequence of Polish state spaces. Given a sequence of
[0, 1]-valued potential functions (Gp;n = 0) and a canonical Markov chain (X,;n > 0)
taking values in (E,;n > 0), with initial distribution ny and transition kernels (1\;1,1; n>1),
we define the family of measures (yn;n > 0) by

Yu(f) :=E

n-1
fe) [ 60|
p=0

Assuming that y,(1) > 0 for any n > 0, we also define n,(f) := yn(f)/yn(1). For any test
function f € By(E,), when the number ofparticleN tends to infinity, the estimators given by
Algorithm 2 in Section A, denoted respectively by yN(f) and nN (f), converge almost surely

to yn(f) and n,(f) if for any n > 1, we have
V(Pn € 817(En)a }’n—l(Gn—l X A;In((/’n)) = }’n—l(Gn—l X Mn((/)n))
Moreover, we also have

VN (rN(f) = va(f) 4
G e O

as well as

VN (1N () = na(f))  a
Gon(f—nN(f)  Now

where the computation of 6,~(f) and &, n(f =1 N(£)) are respectively provided in Algorithm
5 and Algorithm 6 in Sectzon A.

N(0, 1),

On the other hand, under mild assumptions, we provide an unbiased non-asymptotic
variance estimator of yN(f), which, again, represents the output of Algorithm 2.

Theorem 1.2. Assume the same setting as in Theorem 1.1. Under the condition discussed
in Section 4.1, which at least contains the case where M,, = M, for any n > 1, the estimator

yN(f) is an unbiased estimator for y,(f). Moreover, the estimator provided by Algorithm 7
in Section A is an unbiased estimator for the non-asymptotic variance of yN (f).



1.2

Notation

Before getting into details, let us provide a few notations which are useful in the following.

The underlying probability space is denoted by (Q2, J, P). For o-fields £,5 ¢ F,EV S
denotes the smallest o-field on Q containing € and §. For any x,y € R, we denote
x Ay := min{x,y} and x V y := max{x, y}. We also adopt the standard convention
inf @ = co.

Let X be a number, a function or a random variable. We adopt the following con-
vention:

(1)

Slxzo =

X

1 .
1 X if X * 0,
0 otherwise.

Therefore, we admit the calculation

1
Xx =1 = 1xx0.
X X#0 X#0

Random variables take values in Polish spaces, i.e., a topological space E which is
metrizable, separable and complete for some distance dg. It is endowed with the
Borel o-algebra generated by dg, denoted by B(E).

We denote respectively by M(E), M, (E) and P(E) the set of all signed finite mea-
sures, the subset of all nonnegative finite measures and the subset of all probability
measures on (E, B(E)). The set P(E) is endowed with the Prohorov-Lévy metric, i.e.,

3 d » . : . .
the weak convergence “—” is tested with continuous bounded functions.

B4 (E) denotes the collection of all the bounded measurable functions from (E, B(E))
to (R, B(R)) equipped with uniform norm ||-||,, among which the constant function
will be denoted by 1 with a slight abuse of notation. Given a probability measure
n in P(E) and for all test functions in B,(E), we denote n-ess sup(f) the essential
supremum of f. It is defined by

n-esssup(f):=inf{aeR:np(x € E: f(x) > a) =0}.

For all 4 € M(E) and for all test functions f € B,(E), p(f) denotes the integration

[ semta,

E

A finite transition kernel Q from (E, B(E)) to (F, B(F)) is a function
Q:EXB(F)— R,.

More precisely, for all x € E, Q(x, -) is a finite nonnegative measure in M, (F) and
for all A € B(F), x — Q(x, A) is a B(E)-measurable function. We say that Q is a
Markov transition kernel if Q is a finite transition kernel and for all x € E, Q(x, -) is
a probability measure in P (F). For a signed measure p € M(E) and a test function
f € By(F), we denote respectively pyQ € M(E) and Qf € B,(E) are respectively
defined as follows:

VAE B(E), pQ(A) = /E u(dx)Q(x, A),
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and

VreE Of(x) = /F Ox. dy)f (y).

Let Q; and Q, be two finite transition kernels respectively from E, to E; and from E;
to E;. When well-defined, we denote Q; - Q; or simply Q;0Q,, the transition kernel
from E, to E; defined by

V(x,A) € By x BEy),  010(x, A) i= /E 01(x. dy)Qs(y, A).

Note that, there is no reason that Q;Q; is still a finite transition kernel in general.
We say that Qj is a uniformly finite transition kernel from space E, to E; if

sup /Ql(x, dy) < +oo.

x€Ey

For example, a Markov transition kernel is a uniformly finite transition kernel. Let
Q> be a uniformly finite transition kernel from E; to E,, we have that Q10 is also a
uniformly finite transition kernel from E; to E,.

For two test functions f, g € B,(E), we denote

f®g:E 3 (x,y) —~ f(x)g(y) €R.
In particular, we denote
f ®2 .— fef.
Accordingly, we denote

By(E)** == {f®g: f.g € By(E)}.

For two finite transition kernels Q and H from (E, B(E)) to (F, B(F)), we denote, for
all (x,y) € E X E and for all (A, B) € B(F) ® B(F),

Q ® H((x,y), (A, B)) := Q(x, A) x H(y, B).

Similarly, we also denote

0% :=0®0.

In order to define the coalescent tree-based measures of size 2, we introduce the
transition operators Cy and C; as

CO((xa y)7 (dxlv dy,)) = 5(x,y)(dx,» dy,)’

and
Ci((x,y), d(x",y")) := 8(x,x)(dx’, dy’).

In other words, for any measurable function H : E X E — R, we have

Co(H)(x,y) = H(x,y) and C1(H)(x,y) = H(x, x).



« Forallz = (x',...,xN) € EN, we define the empirical measure associated to « by

N
1
m: e m@) = Zaxi € P(E).
i=1

We denote )
m® x> m®2(m) = NZ Z 5(xi,xj) € P(E),
i,J

and )
©2. 2+ m®? =— O(xi i) € P(E).
m T m®“(x) N(N—l); (x?,%7) (E)

A straightforward computation shows that

N-1 1
m®(x) = ngz(a:)cg + NmGZ(a:)Cl. (2)

With a slight abuse of notation, considering [N] := {1,2,..., N}, we write

N
m([N]) = %Z & and  m®([N]) := m([N]) ® m([N]),

as well as

mOZ([N]) = m Z 5(1"]).

i#j

2 SMC framework

In this section, we define the SMC framework studied in this article. We present some
standard convergence results on the consistency and asymptotic normality of the asso-
ciated Interactive Particle System (IPS) in the discrete time setting. We mainly use the
language of Feynman-Kac particle models, and the reader is referred to the pair of books
[DM04] and [DM13] for more details. The main goal is to establish central limit theorems
and to specify the asymptotic variance in our specific asymmetric setting.

2.1 Setting

Let (E,, B(E.))n>0 be a sequence of Polish spaces and let us fix a probability measure 7, €
P(E,). We consider a sequence of [0, 1]-valued measurable potential functions (G,)n>0
and a sequence of Markov transition kernels (A;In)nzl s.t. M, : (En1, B(Ep)) — [0,1]. We
define the Feynman-Kac kernels as follows

V(x,A) € (En-1,B(En)),  On(x,A) := Gpy (x)My(x, A).

It is readily checked that Q, is a uniformly finite transition kernel. Therefore, we define
the unnormalized Feynman-Kac measure y, by

Vn>1, vy,:= ’70Q°1Q°2 s Qn,



with yy := 1. By definition, for all n > 1, y, is a sub-probability measure. For alln > 0, we
suppose that we have a meaningful sampling problem at each step, i.e., we assume that
Yn(1) > 0. Therefore, one can define the normalized Feynman-Kac measures

Yn
yn(1)

Yn>1, n,:=

We adopt the convention
M-1=7Y-1=To-
By standard convention for the product symbol “[]”, it is readily checked that

n—1
Vn>0, y,= {]‘[ np<Gp>} M- (3)

p=0

Different from the classical framework of SMC methods, we suppose that there exists an
additional sequence of Markov transition kernels (M,), >, such that for the Feynman-Kac

kernel defined by
V(x,A) € En-1 X B(Ep),  On(x, A) := Gp1(x) X My(x, A),

we have, for alln > 0, .
YnQn+1 = }/nQn+1 = Yn+1-
Using the Feynman-Kac kernels Q°n and Q,,, we define the Feynman-Kac kernel Q, by

On = Un—l(Gn—l)Qn +[1- Un—l(Gn—l)] Qon

More rigorously, for any y € M(E,—1) and for any f € B;,(E,), we have

#On(f) = Nne1(Gne)HOn(f) + [1 = Nne1(Gpo)] HOn(f)-

Hence, for all 0 < p < n < 400, the associated Feynman-Kac partial semigroup is defined
as follows:

Qp,n = Qp+1 <+ On.

The term “partial” comes from the fact that the state spaces E,, may vary w.r.t. the time
horizon n. Hence, it is not a semigroup. In particular, the partial unit elements at each
step is defined by Q, ,(x, A) := 5x(A) on the space E,.

Qol @2"'én Qn+1
N N TN

N=Yo— Q1 —>V1—— Qin—>"n On+1—> Ynt1 -
\\/ \ ya \\/

Ql QZ e Qn Qn+1

Figure 1: lllustration of the Feynman-Kac measures flow.



Remark. Technically speaking, such M, always exists. For example, one may consider the
choice M,, = M,. Even in this simple symmetric setting, the variance related problems
are already very challenging. The CLT-type results are well-known (see, e.g., Chapter 7
of [DM04]). However, to the best of our knowledge, there is no consistent asymptotic
variance estimators available with a single simulation of the particle system. Meanwhile,
it is natural to implement the asymmetric resampling in the case where M, is an M-
invariant kernel: we are interested by the choice Mn(x, dy) := 8x(dy) since it requires the
least computational cost, which is widely-used by the practitioners in tempering and rare-
event simulation. Therefore, we combine these two examples and go one step further: we
consider the asymmetric resampling scheme and we provide some theoretical analysis.
When M, is not an n,-invariant kernel, it is also always possible to construct a nontrivial
M using M,. In fact, M, can still be thought as some “cheaper” version of the latter:
M, can be designed as the composition of M, and an Nn-invariant kernel, for which one
may consider the PMCMC-type kernel, which is always available with (Gn;n > 0) and
(Mn, n > 1) under the current setting. Intuitively speaking, this SMC?-type design can
help to reduce the dependence due to the multinomial resampling step.

Definition 2.1. We introduce the asymmetric McKean kernel K,, ,, from E,,_y to E,, param-
eterized by some positive finite measure yi € M (E,—1) such that y(G,—1) > 0, defined as
follows

(Gt X My(A))
,U(Gn—l)

Accordingly, we also define the McKean-type Feynman-Kac kernel Q,, ,, b

VA€ B(En)a Kn,y(xv A) = Gn—l(x)Mn(xs A) + (1 - Gn—l(x))

Qn,y = ;U(Gn—l)Kn,y(x, A),

with the convention
Vx € EO’ QO,/J(xv A) = ”O(A) (4)

Remark. Standard calculations show that the McKean-type kernels K, ,, , and Qn 5,
also connect the Feynman-Kac measures flow:

Un—lKn,r]n_l =Nn and }’n—lQn,r],,_l =VYn- (5)

Assuming that G, is upper bounded by 1 rather than a finite positive number ||G, ||, is
purely for technical reasons, in order to simplify the relatively heavy notation. There is
no loss of generality for the case where |G, ||, is known: we could always consider the
“normalized” version of potential function

. G
Gy = ,
" Gl

in order to construct a potential function varying on the interval [0,1]. However, when
IGnlle is not explicitly tractable, it is not possible to design the asymmetric version of
SMC sampler with fixed normalizer. When the normalizer is set to be +o0, we return to the
classical multinomial resampling scheme. This is a crucial problem in applications such as
tempering, when determining a reasonable upper bound of the potential function is not
always trivial. One possible solution is to consider the adaptive normalizer, depending
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upon the entry measure p, rather than a prefixed one. An interesting example of the
adaptive normalizer is defined by

p-ess sup(Gp-1),

where p denotes the entry measure of the McKean kernel. This is the “laziest” resampling
scheme we could ever design, which gives potentially the smallest asymptotic variance,
and no upper bound of the potential function is required. However, we failed to provide
the general analysis for this case since the calculation of the asymptotic variance in the
CLT-type results will become more challenging and it is possible that stronger mixing
properties for Qn and Q, have to be assumed. Heuristically speaking, in order to estab-
lish the CLT-type results and to conduct the asymptotic variance estimation, one needs a
convergence of the following type:

P
Je, € RL, 1/ max Gn(X;) — €.
1<i<N N—oo

This requires much stronger convergence than the well-known almost sure convergence
of the empirical measures. However, if the convergence above holds, we expect that the
methodology in this article would still be valid, with only minor notational complications.
In a nutshell, one needs to discuss the property above in concrete applications, such as the
mixing property of the Markov kernels, etc. Meanwhile, the goal of the present work is
to obtain some general structural results without further assumptions. As a consequence,
we decide to leave this important case for future research.

2.2 Interacting particle system

The Interacting Particle System (IPS) in this article refers to a Markov chain (Xu;n > 0)
with absorption in the product spaces (EY, B(E,)®V;
previous section (5), the normalized Feynman-Kac measures 1, and 17,4+ are connected by
Ky+1,5,» which depends on the measure of the previous step 7,. Hence, it is not possible
to simulate directly according to the kernel Ky1,5,. The idea of the IPS is to simulate
N particles X, = (X1, X2,...,XY) step by step. Therefore, by exploiting the empirical
measure m(X,) to approximate its “limiting” measure 7, we are able to simulate the next
layer of particles X, 11 with the approximated kernel K}, 41 n(x,). In this section, we deal
with the version without the genealogy (i.e., the indices of the parent of each particle) and
the survival history of IPS. The mechanism of the IPS is defined as follows:

(i) Xo ~ n2N;
(ii) Stop the algorithm at step n > 0 if m(X,)(G,,) = 0;

n > 0). As we have seen in the

(iii) If not stopped at step n > 0,

N
Xnt1 ~ ®Kn+1,m(xn)(xrlp )
i=1

A more detailed explanation on the algorithm can be found in Section 2.4. The particle
approximation of the normalized measure 7, is defined by

N
1
N _ — § .
N = m(Xn) = N £ 5Xrlz

11



According to (3), the unnormalized version y,Y is defined by

{]_[ Mp (Gp)} Mn -

The absorbing time 7y of the Feynman-Kac IPS is defined by

=inf{n € N: m(Xy)(G,) = 0}.

2.3 Asymptotic results

In this section, we establish some basic convergence results such as law of large numbers
and central limit theorem for the empirical Feynman-Kac measures. These results are stan-
dard in the case where Q,, = Qn (see, e.g., Chapter 7 of [DM04]) and the proofs are housed
respectively in Section C.3 and Section C.4. The goal is to understand the consequences
of the introduction of Q,, especially on the form of the asymptotic variances.

Theorem 2.1. For any test function f € B,(E,), we have
N a.s.
Yo (Fleyzn ——— ¥a(f)-

The almost sure convergence also holds forn’Y1,,,>,. In particular, by taking the test function
1 fornl, we get

a.s.
1yon — L
—00

Moreover, if we assume symmetric resampling, that is Q, = Q, for anyn > 1, we also have

Vn>0, E [)’r]l\](f)erZn] = Yfl(f)

Theorem 2.2. For any test function f € B,(E,), we have

V20, VN (1N (Fleen = 1a(D) —— N (0.2, ().

with the asymptotic variance defined as follows:

n

ol (F) = Y (1P CiQRA(FoD) - v G082, O (F#). (©)

p=0

Similarly, we also have

Vi 20, VN (1Y (Pleyan = 1n(D) = N (0.2, (F = na(£).

with o, defined by
Vo € By(En), oy (9) = oy (9)/yn(1). (7)

Let us emphasize that one of the main goals of this article is to provide consistent
estimators w.r.t. the particle numbers N for the asymptotic variances crfn and agn defined
above. In practice, thanks to Slutsky’s lemma, the consistent variance estimators allow us

to deduce confidential intervals with one single simulation of IPS.
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2.4 Genealogy and survival history

In this section, we give a more detailed version of the IPS defined in Section 2.2, namely,
the actual simulation algorithm we execute in practice. Specifically, we trace two kinds of
information: the genealogy A, = (AL, ..., AY) € [N]¥ and the so-called survival history
B, = (BL,...,BN) € {0,1}V. They are both intermediate random variables introduced in
the real-world algorithm, so that one can simulate according to an approximated kernel
K11, m(x,)- Note that
A=
means that the parent of X! | at level n is Xj Besides, B!, = 1 indicates that the particle

X} has survived at step n, i.e., the parent of X! is X}, (A}, = i) and

~ M, (XL, 0.

n+1

Note that this does not mean that a non-survived particle at step n, i.e., a particle such
that B = 0, is disappeared in the IPS after step n: it can still be selected as a parent by the
multinomial resampling step. Unlike the multinomial selection scheme, the information
encoded in IPS and its genealogy is not enough to conduct the variance estimation. This
is the reason why survival history has to be taken into consideration. Another remark is
for rare-event simulation, or more generally, the case where (G,;n > 0) are all indicator
functions: the survival history is already encoded in (G(X%),n > 0,i € [N]). Hence, there
is no need to track them separately. Now, let us give the proper definition of the IPS with
its genealogy and survival history:

(i) Initial distribution:
At step 0, we let X ~ qffN
(ii) Stopping criterion:
Stop the algorithm at step n > 0 if m(X,)(G,,) = 0.

(iii) Transition kernels:

for all

If not stopped at n > 0, we execute the elementary transition X}, ~» X!,
1 < i < N conditionally independently, following the three steps:

« Survival test: Let B}, be a Bernoulli random variable with probability G,(X}),
that is
By, ~ Gn(X;,)d1 + (1 = Gn(X,))do-

« Selection: If Bfl =1, we let Aﬁl = i. Otherwise, the parent index is selected by
the following multinomial selection

N Z n(X )
o Gu)
Therefore, given B., = B!, we have

; Gn(X*)
~5n5 +(1-B, );W&c

« Mutation: Given B, = B! and A}, = a!, each particle X’ evolves independently
from level n to level n + 1 according to the following transition kernel:

X1 Bn n+1(X,ip )+ (1- ﬁL)Z\;InH(X,‘?”, ).
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3 Variance estimations

In this section, we provide estimators for the asymptotic variances a)gn (f) and O-r?n (f): we
provide a term by term asymptotic variance estimator, an unbiased variance estimator
under symmetric resampling scheme, and finally, an efficient asymptotic variance estima-
tor. The strategy is almost identical as in [DG19](Chapter 2). First, we give an alternative
representation of the asymptotic variance a)gn (f) using some generalized coalescent tree-
based measures. Next, we provide convergence results of the particle approximations of
these generalized coalescent tree-based measures, which gives naturally a term by term
variance estimator. Finally, we connect this term by term estimator to the non-asymptotic
variance using a nontrivial combinatorial property of the IPS given in Theorem B.1, from
which we derive an efficient variance estimator that can be computed with the optimal
O(nN) time complexity.

3.1 Asymptotic variance expansion

In this section, we revisit the asymptotic variance O')%n (f) of Theorem 2.2 using some novel
coalescent tree-based measures. More precisely, unlike the multinomial case, the form of
the asymptotic variance O')%n (f) is relatively complex under asymmetric resampling and
there is no free coalescent tree-based expansion as in [DG19](Chapter 2). Hence, we need
to introduce some generalized coalescent tree-based measures as a supplement of the one
introduced in [CDMG11]. The goal is plain and simple: we want to establish an alternative
representation of the asymptotic variance based on some coalescent tree-based measures.
To begin, let us define the so-called coalescent Feynman-Kac kernels:

7.0 ._ »®2.
o (9 =0
Q! = C1082 — 1,-1(Gn1)*C1 Q2.
Q= 0%
(i) 105" = 1n-1(Gn-1) [(Ga-1 X 0) ® O + O ® Gt % 01
+’7n—1(Gi_1) [ .;?2 - Qn ® én - Qon ® Qn] .
The full description of this new family of kernels can be found in Section B.2. Using
the partial semigroup property of the coalescent Feynman-Kac kernels defined above,
we introduce some generalized coalescent tree-based measures. They will be referred
to as coalescent Feynman-Kac measures in this article. In the next definition, we call

b := (by,...,by) € {0,1}"! a coalescence indicator where b, = 1 indicates that there
is a coalescence at level p.

Definition 3.1. For any n > 1 and for any coalescence indicator b € {0,1}"*1, we define
the signed finite measures I)-% and T,*? by

,b ,b t,bn
VF € By(E2), TjP(F):=pS2 QPP Qlbr...Qlbn1cy (F),

and
=t ~t.by T, T bn_
VF € By(E2), Tib(F) =P Q0™ QLY - Q) Pmicy, (P),

with the convention
b =
I (F) = T P (F) = n®%Cp,.
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When there is only one coalescence at level p, we write respectively F;’(P) (F) and f;’(p)(F)
instead. When there is no coalescence, we denote respectively F,I ’(Q)(F ) and I“,:’(Q))(F ).

The connection of the original coalescent tree-based measures proposed in [CDMG11]
and the generalized version defined above will be discussed in Section B.1 and Section B.2.
By exploiting this novel pair of coalescent Feynman-Kac measures, we have the following
alternative representation of the asymptotic variance U;n (f). The rigorous verification is
housed in Section C.2.

n n-1
ot () =y (Lo - @ren) + 3 TP (o), (®)
p=0 p=0

3.2 Term by term asymptotic variance estimators

Thanks to the alternative representation (8) given in the last section, the variance esti-
mation problem is reformulated as how we can estimate the corresponding coalescent
Feynman-Kac measures. Using the same idea as in [DG19](Chapter 2), we construct the
particle approximation of ;" and T, *”. They will be referred to as coalescent tree occupa-
tion measures in this article.

In the following, dj[,z] = (a,,a) and ELZ] = (£}, £3) denote two couples of indices be-
tween 1 and N, while an (n + 1)-sequence of couples of indices such that Ell, # Ef, for all
0 < p < nis written

4)231 — (6[2], . f[z]) c ((N) )X(”"'l)
where (N)? := {(i,j) € [N]? : i # j}. Especially, we denote

[2] [2] pl2]
Epp+1‘ (f €p+1

1 2
Additionally, we use the notation Xﬁ” = (X ﬁ", Xﬁ”) to shorten the writings. One can also
find a toy example in [DG19](Chapter 2) in order to get more intuitions for the following
definition.

Definition 3.2. For anyn > 0 and for any coalescence indicator b € {0,1}"*1, the estimator
1"i b N of It s defined by

n-l1 [2]
a2 L2
VF € By(E2), F“’(F)—W AT D) cipab@s ™, ah c, (X)),

BNy | P70 BNy
with Gi defined by
Vap € BN, Gi(ap) = ——m®(a,)(GEY)
zp € E,, p(@p) = g m (@p) (G,
and Ag(d[z] 14 2]) € {0, 1} is the indicator function defined by

Ab( [Z] g ) - l{bp—O}l{al—Zlidz ZZ} +1{bp—1}1{a1_£1_ ¢52}

Notice that, by standard convention, we get

Loy = ( - 2 Co(FIX) = N(N )Zcbo(Fxxzxf). 9)

5[21 e(N)?
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Remark. In fact, Fi’f, defined above is exactly the same estimator as F’f’ n defined in Defi-
nition 3.2 of [DG19](Chapter 2). The change of notation is due to the change of resampling
scheme, and the exact reason lies in a technical result (cf. Proposition C.9). The inhomo-
geneity of the notation w.r.t. “t” and “f” is due to some nontrivial combinatorial structure
of the asymmetric SMC framework. The detailed explanation can be found in Proposition
B.3 and other remarks in Section B.2.

Definition 3.3. For any test function F € B,(E%) and any coalescence indicator b, the
estimator 1"2’1?, of F,I’b is defined by

n-1 2]
b 1 ~4,b i ol
o) == NN -1) 2 T 20 G B XA A G FOGT)
ey | P70 d e

with ég’b" defined as follows:

2
V(ELZ:,]DH’ BP’ wp) € ((N)z)>< X {0, 1}N X Eg,

we let )

1,00 021 Y ~i,1.02]

G:; (gp:p+1> pr mp) T GE(XP) - HGP 1(£p:p+1’ Bps wp)’
and

~t % + & +
GhM (W 1 By p) =B, B m(,)(GE)

Gyl Im(p)(Gp) — m(zp)(GE)
Ske, (1= CoXf)) /N
Gp(x Im(p)(Gp) — m(zp)(G2)

Dk, (1 - Gp(X,’.f)) /N .

o B
+B7 (1 - B, Im(@y)(Gp)

B (L - By m(ap)(Gy)

We also define
VF € By(E2), T\7(F) =T &(F).

Remark. In particular, if G, is an indicator function for all n > 0, we consider

_ 0Le,
Gy (U1 By wp) = BBy m(Xp) (G

which leads to a simpler form of (~}T’0, ie.,
~ oL e, N 0., 2
Gy Uypr- By p) = By By m(ap)*A(Gp) + o (L= BB Im™H(p)(GFP). (10)

Returning to the coalescent tree-based expansion given in (8), it is natural to define
the term by term estimators aﬁ fy (f) as follows:

Uﬁ,fy(f) = (Z (F::J(\’;)(f®2) - rj:l(?)(f@»z)) n f;:;lp(f@z)) 1oy sn

1
p=0 =0

]
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Then, by (7), it is natural to consider
G;’I;I(f) = G;III\T (f) /Yr]lv(l)z-

Therefore, thanks to Theorem B.3 and Corollary B.3.1, we have the consistency of these
term by term variance estimators.

Theorem 3.1 (Consistency of 0)2\, and G:;nN)' For any test function f € By(E,), we have

sup VNVE |02 (f) - o2, ()| < +e

N>0

as well as

oy (£ = D) =, (£ =mnih = 00 ).
Remark. We do not provide the algorithm to compute these estimators, since, to the best of
our knowledge, they can only be computed with time complexity O(nN?). Therefore, they
mainly serve as theoretical handy tools prove the consistency of the efficient estimator
given in Algorithm 5 and Algorithm 6. However, with the same techniques as in these
two Algorithms, one should be able to design an algorithm such that each term in the
asymptotic variance can be evaluated separately, with time complexity O(nN). The details
are given in Section B.6.

3.3 Unbiased non-asymptotic variance estimator

In this section, we provide an unbiased non-asymptotic variance estimator which is only
valid under symmetric resampling scheme, i.e., Qn = Qo,l for all n > 0. However, we
prove that in the general case, this estimator also yields a consistent asymptotic variance
estimator. In fact, in order to provide an unbiased non-asymptotic variance estimator, the
idea is much more straightforward: thanks to Theorem 2.1, we know that under symmetric
sampling scheme, the estimation y,Y (f)1,,, >, is unbiased. As a consequence, one has

Var [lezv(f)erZn] =E [Yrjl\[(f)zerZn] -E [}’rjlv(f)erZn]z .

=Yn(FP=yR2(f%?).

It is then clear that constructing an unbiased non-asymptotic variance estimator is equiv-
alent to constructing an unbiased estimator for the measure y2?. Therefore, the following
proposition is a direct consequence of Proposition C.3. The detailed computation is pro-
vided in Algorithm 7 in Section A.

Theorem 3.2. Assume symmetric resampling, that is, On = QO,l foralln > 0. For any test
function f € By(E,), the estimator VN (f) defined below is an unbiased variance estimator

of &' (Do
VN = (R = TOU) Legon: (a1)

Remark. In fact, this unbiased estimator can also be used by AMS methods if the image
of the reaction coordinate is a finite set, and under some regularity assumption on the re-
sampling kernel (e.g. Assumption 1, 2 of [BGG*16]) is satisfied. Although the associated
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IPS is not simulated by symmetric resampling, recent results (cf. [CDGR18]) show that
one can construct an IPS with particles defined by some level-indexed processes that are
“mathematically symmetrically resampled”. It can be regarded as an almost sure equiva-
lence between an artificial asymmetric IPS, i.e. the real-world algorithm, and a symmetric
IPS constructed by some abstract mathematical objects. More generally, when the reac-
tion coordinate is finite-valued, the AMS method enters the asymmetric SMC framework.
More discussions on this topic can be found in Section 4.1. As a consequence, for all the
unbiasedness results in this article, we only use the condition under symmetric resampling
or assume symmetric resampling in order to simplify the writings.

3.4 Connection between the estimators

The connection between the term by term estimators and the non-asymptotic variance
estimator is based on Theorem B.1. Unfortunately, to the best of our knowledge, both
of these estimators can only be computed with O(nN?) time complexity. However, this
connection inspired the construction of the efficient consistent estimator provided in the
next section. The proof is provided in Section C.5.

Proposition 3.1. For any test function f € B,(E,), we have

sup NE [|anN (f) = o2n( f)” < +oo, (12)
N>1 n
and
1
NV =) = o2 =) = 0y ). (13

3.5 Efficient asymptotic variance estimators

The efficient variance estimator can be regarded as a “mix” of the term by term estimator
and the non-asymptotic estimator provided respectively in Section 3.2 and Section 3.3.
Inspired by a by-product (41) in the proof of Proposition 3.1, an intermediate estimator
can be proposed as follows

n—

+

(N (r¥ 2 =T (o) f,i;}?(f@)) Loysn:

1
p=0

By the same technique as the one proposed in [LW18], the former term
N (02 - re)

can be computed with O(nN) time complexity, which corresponds to the term V* in Algo-
rithm 5. Hence, the design of an efficient variance estimator amounts to constructing an

efficient estimator for f: ) Since we failed to provide an efficient algorithm to compute

f;:](f;), we consider some particle approximation fjg\[;) of f,: (P ), such that f‘jj(\[;) is “close”
enough to the original one F’j’%’), and which, at the same time, can be computed with

O(nN) time complexity.
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Definition 3.4. For any test function F € B,(E%) and any coalescence indicator b, the
efficient estimator Frjl"’f] of I is defined by

~ 1 = ~.b ! (2]

i,b — S [2] (@) +1 2] £y

v = Sw - >0 L] 20 & B X2 (A G FOGT)
ey | P70 den)?

with Gy defined by, V() | B,.@p) € (N)?)® x {0, 1}N x EJ,

{GE’O(EELH’B ,@p) = Gi(@p);
GE1pl2l _ ah1gl2]
Gp (EPZPH’ ﬁP’ mP) T GP (EP:P+1’ Bp’ wp)-

Proposition 3.2. For any test function F € B,(E) and any coalescence indicator b €
{0,1}"*1 we have

sup NE [[F1(F) — T4 (F)| < +.

N>1 ’ ’

Finally, we provide the efficient asymptotic variance estimators, which are respectively
the output of Algorithm 5 and Algorithm 6. For any test function f € B,(E,), we define

n—1
S =N (N -THD) + ST, (14)
p=0

and
GROEENORANS

Thanks to Proposition B.4, Proposition 3.2, Proposition B.4, Theorem 3.1 and Theorem 2.1,
we have the following consistency result.

Theorem 3.3 (Consistency of 6;,1\] and 63}1}\,). For any test function f € By(E,), we have

sup VNE |52 () = o2, ()] <+

N>1

as well as
g 1
oo (= () =0}, (= m(F) = 0y (Tﬁ) ,
4 Discussions

4.1 Unbiasedness condition

We discuss the condition such that the estimations for the unnormalized measures are
unbiased. More precisely,

E [Y;iv(f)erZn] =Ya(f) and E [F,(,iojzr(fhfwzn = }’n(f)z-

The major motivation is to give an intuitive interpretation of Assumption 2 of [BGG*16] in
our fixed level setting. Recent works (cf. [DCGR17] and [CDGR18]) show that Assumption
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2 of [BGG™'16] can eventually be regarded as a requirement to reformulate AMS methods
as Fleming-Viot particle systems, which enters the continuous-time generalization of the
current framework, with symmetric resampling, namely, the case where On = Qn More
concretely, if the real-world simulation is under asymmetric resampling scheme, but we
are somehow able to find out an underlying mathematical structure that is symmetrically
resampled, the unbiasedness will be recovered. In addition, as discussed in Section B.1, it
also gives a smaller asymptotic variance than the multinomial resampling. Unfortunately,
the only setting we could provide that allows this property is the family of AMS methods in
the dynamical setting. The readers are referred to [DCGR17], [CDGR18] and [BGG*16] for
more details. In this respect, since the real mathematical object is simply a symmetric SMC
model, we did not emphasize the more complex condition discussed above, which is also
due to the fact that the variance estimators are the same in the symmetric and asymmetric
resampling schemes. Moreover, it would be interesting to see if we can implement the
same technique in Particle Tempering methods, at least in some specific situations.

4.2 Other comments

On the adaptive SMC models First, we want to mention that the current setting
covers the Adaptive Multilevel Splitting methods when the image of the reaction coordi-
nate is a finite set. This is due to the fact that under asymmetric resampling scheme, when
the potential of a particle is 1, there is no additional computational cost required to evolve
the IPS. In practice, it corresponds to the case where the reaction coordinate function is
calculated by some prefixed grid. Next, since the ingredients we need to implement asym-
metric SMC are nearly the same as for the classical multinomial SMC, we can therefore
consider the corresponding adaptive methods as in our previous work in [DG19](Chapter
2). Since all the technical results are done in a similar style, we expect the adaptive version
with Assumption 2 of [DG19](Chapter 2) to be a simple generalization from a mathemat-
ical point of view, at the price of some notational complications. Therefore, the variance
estimators may be used as a reference if the underlying resampling scheme is changed
to the asymmetric one. We also expect the asymptotic variance estimators to apply to
another family of adaptive SMC models, which contain an online adaptive resampling
strategy, such as [GDM17] and [DMDJ12]. Roughly speaking, the resampling is executed
when some summary statistics, such as the popular Effective Sample Size, attains some
prefixed threshold. In this scenario, as the adaptive model and the fixed reference model
are connected by a coupling argument, one is also encouraged to use our estimators in
the real-world applications as a reference. However, there are situations where we are
sure that the estimators provided in this article will fail. The first example is in Section 2
of [BJKT16]. If the stability property given in Theorem 2.3 is not verified: namely, if the
“limit” model has different asymptotic variance, then, it is not possible to conduct variance
estimations with our estimators. The same argument also applies to the Adaptive Temper-
ing introduced in section 3 of [BJKT16]: it is not possible to use our variance estimator as
areference even if we change the underlying resampling scheme. In all cases, the rigorous
analysis of the adaptive context requires more attention on the regularity of the adaptive
parametrizations.

On the non-asymptotic variance expansion and long-term behaviors There
is an angle that we could but we did not touch in the present work: using the finer analysis
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given in Lemma C.10 and the decomposition in Theorem B.1, we can give a very sharp up-
per bound of the non-asymptotic variance, w.r.t. both n and N. Since it is well understood
that the non-asymptotic variance may also contribute to the bound encountered in the
propagation of chaos property of the particle system (cf. [DMPR09]), we expect that one
can also derive the sharp propagation of chaos bound for the non-asymptotic empirical
measures. In particular, this kind of analysis can provide information on the bias asso-
ciated to the estimation 5 (f)1;y>,. The same idea can also be applied to obtain sharp
LP-bound estimates. This is a relatively large topic, the rigorous analysis is thus left for
future investigations. Returning to the variance estimation problems, we remark that all
the consistent variance estimators provided in this article are essentially for “short-term”
models, namely, n is set to be finite and N tends to infinity. When more stability proper-
ties of the Feynman-Kac kernels are available, it would be interesting to investigate the
fixed-lag variance estimator such as the one introduced in [OD19]. The same kind of es-
timators, i.e., by considering only part of the genealogy, as well as the survival history, is
expected to be more numerically stable in the long term. We expect that the regularity
requirements will be the same as in the multinomial case.

On the PMCMC-type kernels Another remark is on the PMCMC-type kernels:
starting from a trajectory of the particle system, the new sample is constructed by simu-
lating an IPS with this frozen trajectory, and we pick randomly and uniformly an ancestral
lineage in the novel IPS, using its terminal point as the new sample. This kind of kernel
does not enter the framework of gAMS since Assumption 2 of [BGG*16] is not verified.
Therefore, no level-indexed process can be derived. However, it is a widely used kernel in
the Particle Filters and Particle Tempering contexts. In rare-event simulation context, it is
also promising in resolving the high dimensional multimodal metastable problems. As a
complement, the present work can implement this type of kernels: in fact, one may prefix
a very fine grid of levels: since the resampling scheme we use does not require additional
computation when all the particles have survived, the implementation is very close to the
last-particle AMS methods in practice. Moreover, one can also construct the PMCMC-type
kernel by using the standard transition kernel that satisfies Assumption 2 of [BGG*16].
It is possible to study the performance of this Markov kernel with the theoretical tools
we provided in this article. This kind of connection is also well illustrated in [ALV18].
Nevertheless, the rigorous analysis is also left for future research.
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Appendices

A

Algorithms to compute variance estimators

We provide all the supporting algorithms in this section. The matrix-type data structures
will be denoted by bold abbreviations, such as IPS, GENE and SH. They stand respectively
for Interacting Particle System, genealogy and survival history. For any set E, we denote
M, «n(E) the collection of all the n X N matrices with elements taking values in E. For
example, the notation SH[p, i] stands for the element at p-th row and i-th column of the
matrix SH. In particular, since the state space may vary w.r.t. time horizon, IPS is not
necessarily a matrix, however, we still use the notation IPS[p, i] to denote the i-th particle
at level p of IPS.

Algorithm 1: Simulation of an IPS with genealogy and survival history.

1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30

Require: particle number N, time horizon n, potentials (G,;0 < p < n — 1), Markov kernels (Mp; 1<p<n)
and (Mp; 1 < p < n), initial distribution r,.
Result: absorbing time T € {0, 1,. . ., n}, particle system IPS of size (n + 1) X N, genealogy GENE
€ Muxn([N]), survival history SH € M,xn ({0, 1}), ancestor indices EVE € M, 1)xn([N]).
Initialization:
Allocate memory for IPS, GENE, SH and EVE;
T=0;
SumG = 0;
forie{1,2,...,N} do
IPS[0, i] ~ no;
SumG = SumG+G,(IPS[0, i]);
EVEJ0, ] = i
end
Iteration:
while SumG > 0 and T < ndo
SumG = 0;
forie {1,2,...,N} do
U ~ Uniform[0, 1];
if U < Gr(IPS[T, i]) then
ParentIndex = i;
IPS[T + 1, i] ~ Mr(IPS[T, ParentIndex], -);
SH[T, i] = 1;
else
ParentIndex ~ Categorical (Gr(X}), Gr(X2),...,Gr(XN));
IPS[T + 1, i] ~ Mr4:(IPS[T, ParentIndex], -);
SHI[T, i] = 0

end

EVE[T + 1, i] = EVE[T, ParentIndex];
GENE|T, i] = ParentIndex;

SumG = SumG+Gr,1(IPS[T + 1, i]);

end

T=T+1;

end

T = max{0, T — 1}11<p, + nly=,.
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Algorithm 2: Computation of y' (f) and 7Y (f).

Require: absorbing time T, the associated interacting particle system IPS, test function f.
Result: estimators yY(f) and 7N (f).

1 if T < n then

2 | ml(f)=0

3 () =0

4 else

5 Normalizer = 1;

6 for pe{0,1,...,n—1} do
7 ‘ Normalizer = Normalizer xﬁ Zfil G,(IPS[p, i]);
8 end

o | ()= x I FAPS[n, i]);
10 YN(f) = Normalizer x ¥ (f);
11 end

return v} () and n¥ (f).

-
)

Now, let us provide the efficient algorithms for the consistent asymptotic variance estima-
tors (cf. Algorithm 5, 6). We need some auxiliary steps: generation of backward genealogy
tracing matrix © and definition of a special “star inner product” on R®. They are provided
respectively in Algorithm 3 and Algorithm 4. With a slight abuse of notation, we use
the notation M,«1(E) to denote the collection of all the array of length n on the set E.
For A € M,x1(E), we use A[p] to denote the p-th element of A. To simplify the notation,
A = zeros(n, N) means that we allocate memory for A € M, xn(R) and let all the elements
of A be 0. In addition, the k-th row of A will be denoted by A[k, :].

Algorithm 3: Generate backward genealogy tracing matrix: ©.
Require: absorbing time T, genealogy of an IPS GENE € M, xn([N]).
Result: backward genealogy tracing matrix ©, where O[p, i] stands for the parent index at level p of i-th
particle at level T.

1 Initialization:

2 Allocate memory for © € Mrun([N]);
3 Iteration:

4 forie{1,2,..., N} do

5 CurrentIndex = i;

6 forpe {1,2,...,T} do

7 ParentIndex = GENE[T — p, CurrentIndex];
8 O[T - p, i] = ParentIndex;

9 CurrentIndex = ParentIndex;
10 end
11 end

Algorithm 4: Compute star inner product in R3: starProduct(X, Y).
Require: vector X = (X[1],X[2], X[3]) € R3, vector Y = (Y[1], Y[2], Y[3]) € R%.
Result: value of (X,Y), € R.

1 return starProduct(X,Y) = X[1] x Y[1] + X[2] x Y[3] + X[3] x Y[2].
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Algorithm 5: Consistent asymptotic variance estimator for yN(f).

Require: (G;0 < p < n-—1),T,IPS, test function f, ®, SH, EVE and y,I,V(f)
Result: asymptotic variance estimator &;N( 1)

1 if T < n then

2 ‘ return 0;

3 else

4 Allocate memory for MeanG and MeanG2 € M, (R);
5 Normalizer = 0;

6 forpe {0,1,...,n—1} do

7 MeanGl[p] = &+ >N, G,(IPS[p, i]);

8 MeanG2[p] = & SN, G,(IPS[p, i])%;

9 Normalizer = Normalizer X MeanG[p];
10 end

11 ArrayEve = zeros(N, 1);

12 forie{1,2,...,N} do

13 ‘ ArrayEve[EVE[n, i]] = ArrayEve[EVE(n, i]] + f(IPS[n, i]) X Normalizer;

14 end

15 SumEve = YN, ArrayEve[i];

16 Vi:NX(y,{\’(f)Z—[(Nny(f))Z—SumEve]x%);

17 V= 0;

18 forpe {0,1,...,n—1} do

19 MatrixEve = zeros(N, 3);

20 forie {1,2,...,N}do

21 Index = O[p, i];

22 IndexPrime = O[p + 1, i];

23 F = f(IPS[n, i]) x Normalizer/MeanG[p];

24 MatrixEve[i, 1] = SH[p, IndexPrime] X y/MeanG2[p] X F;

25 MatrixEve[i, 2] = SH[p, IndexPrime] X Nx(ﬁf (llflsvli;;iﬂ)[:ﬁz:gﬁl{;ﬁ:;?lPJ) X F;
26 MatrixEve[i, 3] = (1 — SH[p, IndexPrime]) X MeanG|[p] X F;

27 end

28 SumMatrixEve = zeros(N, 3);

29 forie{1,2,...,N} do

30 ‘ SumMatrixEve[EVE[n, i], :] = SumMatrixEve[EVE[n, i], :] + MatrixEve[i, :];
31 end

32 SumEve = 0;

33 forie{1,2,...,N} do

34 ‘ SumEve = SumEve + starProduct(SumMatrixEve[i], SumMatrixEve[i]);
35 end

36 forie{2,...,N}do

37 ‘ MatrixEve[1, :] = MatrixEve[1, :] + MatrixEve[i, :];

38 end

39 SumCurrent = starProduct(MatrixEve[1, :], MatrixEve[1, :]) — SumEve;

40 V' = V' + SumCurrent x #;

41 end

42 end

43 return V¥ + V.
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Algorithm 6: Consistent asymptotic variance estimator for 7Y (f).

Require: (G;0 < p < n—1),T,IPS, test function f, ®, SH, EVE and r]ﬁ,"(f)
Result: asymptotic variance estimator &f] ~F = 1N(f)).

1 if T < n then

2 ‘ return 0;

3 else

4 Allocate memory for MeanG and MeanG2 € M,«;(R);

5 forpe{0,1,...,n—1} do

6 MeanG[p] = £ TN, G,(IPS[p, i]);

7 MeanG2[p] = ﬁ Zfil G, (IPS[p, in%

8 end

9 ArrayEve = zeros(N, 1);

10 forie{1,2,...,N} do

11 ‘ ArrayEve[EVE([n, i]] = ArrayEve[EVE[n, i]] + f(IPS[n, i]) — nN (f);

12 end

13 SumEve = YN, ArrayEve[i]?;

14 V¥ = SumEve X #;

15 Vi =o0;

16 forpe {0,1,...,n—1} do

17 MatrixEve = zeros(N, 3);

18 forie{1,2,...,N} do

19 Index = O[p, i];

20 IndexPrime = O[p + 1,i];

21 F = (f(IPS[n, i]) - 1y (f)) /MeanGI[p];

22 MatrixEve[i, 1] = SH[p, IndexPrime] X yMeanG2[p] x F;

23 MatrixEve[i, 2] = SH[p, IndexPrime] X Nx(ﬁ‘_’ ﬁlfzs\l[iz\l;e ie;(é)[;ﬁeézgﬁ][;ﬁ;:g?[p j X F;
24 MatrixEve[i, 3] = (1 — SH[p, IndexPrime]) X MeanG|[p] X F;

25 end

26 SumMatrixEve = zeros(N, 3);

27 forie {1,2,...,N}do

28 ‘ SumMatrixEve[EVE[n, i], :] = SumMatrixEve[EVE[n, i], :] + MatrixEve[i, :];
29 end

30 SumEve = 0;

31 forie{1,2,...,N} do

32 ‘ SumEve = SumEve + starProduct(SumMatrixEve[i], SumMatrixEve[i]);
33 end

34 forie{2,...,N}do

35 ‘ MatrixEve[1, :] = MatrixEve[1, :] + MatrixEve[i, :];

36 end

37 SumCurrent = starProduct(MatrixEve[1, :], MatrixEve[1, :]) — SumEve;
38 V' = V' + SumCurrent x #

39 end
40 end

41 return V¥ + Vi
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Algorithm 7: Unbiased non-asymptotic variance estimator for yN(f).

Require: (G,;0 < p < n—1),T,IPS, test function f, GENE, SH, EVE and y,ll"(f)
Result: non-asymptotic variance estimator V.V (f).
1 if T < n then
2 ‘ return 0;
3 else
4 Allocate memory for MeanG, MeanG2 and MeanGdot2 € M,x1(R);
5 forpe {0,1,...,n—1} do
6 MeanGlp] = ﬁ Zf\il G,(IPS[p, i]);
7 MeanG2[p] = & SN, G,(IPS[p, i])%;
8 MeanGdot2[p] = (MeanG[p] — MeanG2[p]/N) x -
9

N-T>
end
10 V@ = o;
11 forie{1,2,...,N—-1}do
12 forje{i+1,...,N}do
13 if EVE[n,i] # EVE[n, j] then
14 ProdCouple = f(IPS[n, i]) x f(IPS[n, j]);
15 Index1 = i, Index2 = j;
16 for pe{0,1,...,n—1} do
17 ParentIndex1 = GENE[n — p — 1, Index1];
18 ParentIndex2 = GENE[n — p — 1, Index2];
19 if SH[n — p — 1,Index1] = 1 & SH[n — p — 1,Index2] = 1 then
20 ‘ ProdCouple = ProdCouple x MeanGdot2[n — p — 1];
21 else if SH[n —p — 1,Index1] = 1 & SH[n — p — 1,Index2] = 0 then
22 ProdCouple = ProdCouple X MeanG[n — p — 1] X {MeanG[n -p—-1]x
_Nx Gn—p-1(IPS[n—p~—1,ParentIndex1])xMeanG[n—p—1]-MeanG2[n—p—1] }
(N—I)><(N—l—MeanG[n—p—l]+Gn,P71(IPS[n—p—l,ParentIndexl])) ’
23 else if SH[n —p —1,Index1] = 0 & SH[n — p — 1,Index2] = 1 then
24 ProdCouple = ProdCouple x MeanG[n — p — 1] X {MeanG[n -p—1]x
_Nx Gp-p-1(IPS[n—p~—1,ParentIndex2])xMeanG[n—p—1]-MeanG2[n—p—1] }
(Nf1)X(Nf17MeanG[n7p71]+Gn,P,l(IPS[nfpfl,ParentIndeXZ])) >
25 else
26 ‘ ProdCouple = ProdCouple x % x MeanG[n —p — 11%
27 end
28 Index1 = ParentIndex1;
29 Index2 = ParentIndex2;
30 end
31 V(@ = V@ 4 ProdCouple;
32 end
33 end
34 end
35 end

36 V@ =2 x V@ /(N(N - 1));
37 return yN(f)? - V@,
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Above, we also provide Algorithm 7 to compute unbiased non-asymptotic variance
estimator for y(f). A tremendous amount of effort has been spent in order to find an
O(nN) time complexity algorithm, which, unfortunately, does not pay back. The Algo-
rithm 7 is of O(nN?) time complexity, which means that even with a very little n, the
computation will be intractable when N > 10°. In fact, the construction for the consis-
tent asymptotic variance estimators, i.e., Algorithm 5 and Algorithm 6, of O(nN) time
complexity is highly nontrivial, and we failed to apply the same technique to reduce the
time complexity for the unbiased non-asymptotic variance estimator. Still, this estima-
tor may be useful for rare-event simulation problems or other applications whose target
measure is y,. One can thus take advantage of the parallel computing for relatively small
N. Though, the crude estimator is a by-product in this case, the average of this estimator
may still be typically more accurate and the statistical inference for the variance of the
variance estimator is also available if an unbiased variance estimator is provided. Note
that the lack-of-bias is not free in general, and we provide a relatively general condition in
Section 4.1. In fact, even without unbiased condition, this estimator multiplied by N is also
a consistent asymptotic variance estimator for yN(f). Another remark is that V¥ found
in Algorithm 5 and Algorithm 6 represent respectively the estimators NVN(£)yN(1)? and
NVN(f — nV(f)) provided in [LW18]. Due to the change of resampling scheme, some
modifications, namely, V' have to be taken into consideration. Now, we provide the time
complexity and space complexity of the algorithms in the SMC context. The multinomial
resampling scheme will be set as benchmark, with the variance estimators provided in
[LW18].

Estimation Time complexity Space complexity
' (f) or v (f) O(nN) O(N)
non-asymptotic variance of yN(f) O(nN) O(N)
asymptotic variance of y.¥ (f) O(nN) O(N)
asymptotic variance of Y (f) O(nN) O(N)

Table 1: Time and space complexity under multinomial resampling scheme.

Estimation Time complexity Space complexity
' (f) or v (f) O(nN) O(N)
non-asymptotic variance of y(f) O(nN?) O(nN)
asymptotic variance of yN(f) O(nN) O(nN)
asymptotic variance of 7 (f) O(nN) O(nN)

Table 2: Time and space complexity under asymmetric resampling scheme.

We remark that we did not provide the algorithm to compute yV(f) and Y (f) with
O(N) space complexity, which is readily obtained with some modification of Algorithm
1, since we mainly focus on the variance estimation problems. We can see from Table 1
and Table 2 that the main drawback of the presented setting is the space complexity and
the unbiased variance estimator for the non-asymptotic variance of y( f). However, the
main computational consumption, in general, is brought by the resampling kernels M,
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at each iteration of the algorithm. If a cheap kernel M,, is available, it is expected that
the asymmetric resampling scheme would dramatically reduce the computational cost of
the simulation of IPS. In fact, in real-world applications, the computational consumption
of the asymptotic variance estimators is negligible compared to the simulation of IPS. In
addition, the asymmetric setting also gives smaller variance in some specific situations,
such as AMS methods.

B Coalescent tree-based expansions

As we have seen in Theorem 2.2, the asymptotic variance becomes sophisticated when the
asymmetric resampling is implemented. Therefore, we need to develop a novel mathemat-
ical language in order to conduct calculations and eventually, to understand the structures
behind. In this section, we give a detailed development of the coalescent tree-based ex-
pansions encountered in the asymmetric SMC framework. Before going further, let us
list some definitions and properties associated to McKean-type Feynman-Kac kernel O, ,
within reach by some straightforward algebraic calculations in the following proposition.
For the sake of simplification, these properties will be of constant use in the following
sections and may be applied without reference.

Proposition B.1. For any probability measure i € P(E,—_1) and test function f € By(E,),
we have the following properties:

(@) supyep, , Qnu(f)x) < 2||fll -
(i) WedefineR, , by

V(x,A) € En-y X B(En), R u(x, A) := 1(Gp1)Qn(x, A) = Gpoy (x)Qn(A),  (15)

with the convention
Vx € Eo, Ro’y(x, A) = T’]O(A) (16)

Then, we have .
Qn,y(f)(x) = /JQn(f) + Rn,y(f)(x)a

and
Mn-1Rn,p, ., (f) = 0.

(iii) We have

Qn () = 1On(f)? + Ry (F)x)? + 2100 ()R u(F)(),

as well as

Nn-1 (Qns’]nfl(f)Z) = Un—lQon(f)z + Mn-1 (Rn”?nfl(f)z) : (17)

B.1 Original coalescent tree-based measures

First, let us recall the original coalescent tree-based expansion introduced in [CDMG11].
The following definition is adopted from the Definition 3.1 of [DG19](Chapter 2), which
is essentially the same as the one introduced in [CDMG11]. A more general version for
the particle block of size greater than 2 can be found in [DMPRO09].
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Definition B.1. For any n’ > n, we associate with any coalescence indicator b € {0, 1}””r1
the nonnegative measures T? € M, (E2) defined for any F € By,(E2) by

rrl;(F) = U?zconlmcbl e Q;?Zcbn(F)'

When there is only one coalescence at, say, level p, we write F,(,p)(F) instead of TY(F) (see
Figure 2). When there is no coalescence at all, that is b = (@), we have

V2 (F) = y24(F).

Ql prl Qp Qp+2 Qp+3 Qn
*e—  ——o——0 *— ——e

Qp+1
Qp+1

Qp+2 Qn

.. >®

Op+3
Figure 2: A representation of the original coalescent tree-based measure I“,Sp ),

Comparison of asymptotic variance. Now, we suppose that Q,, = O, forall n >
1. Let us go back to the form of the asymptotic variance afn (f) defined in (6). It is easy to
verify that

L) = 1) o (Qpua(fF) - (18)
By applying (17) with some standard algebraic manipulations, we have

n

72,5 = (T2 TOG) = 3 pps Wt (R Qo FF) . (19)
p=1

p=0

One may notice that the first term corresponds to the asymptotic variance of the multi-
nomial resampling scheme (see., e.g Theorem 2.1 of [DG19](Chapter 2)). Since the term

Yo-1(D)yp-1 (RP’UP—IQP’”(f)Z) (20)

is nonnegative, we deduce that the choice O = én is always better than the multinomial
resampling scheme in terms of asymptotic variance. Moreover, we notice that the original
coalescent tree-based measures introduced in [CDMG11] and [DG19](Chapter 2) failed
to provide a full description of the asymptotic variance, even in this simple symmetric
case. This is the main difficulty compared to the multinomial resampling scheme, where
the alternative representation is free. Therefore, we need to develop some new tools to
understand the term given in (20).

B.2 Coalescent Feynman-Kac kernels

As we have seen in the last section, the original coalescent tree-based measures fail to
provide insights on the asymptotic variance ain (f). In order to go one step further, let us
go back to Definition B.1. We consider the following alternative writing

TE(F) := & Cp, Q%2 Cp,, Q2 - - - Cp, Q%2 Cy, (F),

n-1xn
N— e —— R
by by by
1 2 an
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which gives a similar definition as y, based on the partial semigroup structure of the
Feynman-Kac kernels:

LY(F) = g% - QY - Q3"+~ QUi Cy, ().
We say QZ"‘I conserves the structure of coalescence if

Vbn—l € {Oa 1}a Cbn_lelrkl = Qflnil'

This simple observation gives an interesting idea on how we could possibly overcome the
difficulties encountered in the asymptotic variance representation: we change the con-
struction of the partial semigroup according to our asymmetric resampling scheme, in
order to establish the coalescent tree-based expansion of the asymptotic variance. The
first pair of replacement is for Q% and Q.. We define

0o [ 02 s o \82
Q} = (On + 12,18 Go 1) On = On))

(21)
Q;; = CIQ(r)z'

This replacement is compatible with the notation above if On = Qn Note that

’7n 1(1®Gn 1) = Hn- 1(Gn 1)

Next, we need to introduce several important coalescent Feynman-Kac kernels, which,
at the moment, is not as intuitive as the one introduced above. Their introduction is
motivated by an observation in the proof of a technical result (cf. Proposition C.9):

. jobt =
0 {Q?f = Qn NS (G22)C10%7.
Oh0 = Qo.
i) {OF" =122(1®Gy1) [(G 1% O0n) ® O + On ® (Guy X Qn)]
B(CGE) [ 057 - 01 @ 0n — 01 @ On
(iif) {QTO = Qu;

Q=0 QT ' - %2 (C1G%)C1 0%
(iv) Vb,_1 € {0,1}, Qj;f(’;;)l = A= QL
(V) Ybn-1 € {0, 1}, QLI(?K,’)I = %Qi’b"’l.

(vi) {Qn(m QZ?+Qn<N)?
Qn(N) Qn +Qn(N)

It is readily checked that they are all uniformly finite transition kernels and that, except
the kernels with “~”, namely,

lesbn*l and QT bn 1

all of the other kernels conserve the coalescence structure. This observation may be the
intrinsic reason why they play a particularly important role in variance related problems.
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No matter how anecdotal it seems, we claim that these kernels are at the core of the
analysis of the variance related problems. Although we are not able to clarify the exact
purpose of the construction of these coalescent Feynman-Kac kernels at the moment, we
can explain, however, the logic of our notation: the number of daggers “i” indicates the
number of kernels between b,_; = 0 and b,_; = 1, that is changed from the original
definition (21). At the same time, the kernel for b,,_; = 1 is always replaced before the
kernel for b,,_; = 0. This is why all the kernels that have only one dagger share the same
Q(,’, for the case b,,_; = 0. Since the number of particles N is also involved in the definition,
we add parenthesis “(N)” to specify the number of particles N, in order to differentiate
from the coalescent tree occupation measures. With a slight abuse of notation, when there
is no ambiguity, we omit the part “(N)” for simplicity. For example, we may use Qi’b to
denote Qi”l(’N) . All the kernels defined from point (i) to point (v) are introduced to describe
the binary decomposition w.r.t. “+” in the definition of point (vi). We say that the kernels
defined above are in the class Q;z), or the kernels are of Qf)—class.

Next, we define the generalized coalescent tree-based measures. In this article, they
will be referred to as the coalescent Feynman-Kac measures, by using the partial semi-
group properties of these coalescent Feynman-Kac kernels. For example, we denote

b . bp bp+1 bn-
Qp,n = Qp+1,n Qp+2,n e Qp:lnl’

with the convention
bn—l o— ®2

n,n ° n,n*

Definition B.2. Foranyn > 1, N > 2 and for any coalescence indicator b € {0,1}"*!, we

define the signed finite measures If,’(bN) by

,b b ,b N
VF € Bb(Ei)’ F:’(N)(F) = 776@2 Ql’(ﬁ[) Q;(;\/) T Qj:,’(N)lcbn(F)’
with the convention
,b
r(i(N)(F) = U(‘)X)zcbo-

Similar as in Definition B.1, when there is only one coalescence at level p, we write Fj’((ﬁl))(F)

instead. When there is no coalescence , we denote I“:’((f]))(F).

Meanwhile, we define the Q(ﬁz)—class kernels by replacing all the %, in the definition
above with the empirical sub-probability measure

(U]r:]—l)ezl‘r]\; >n-1 = mO2(Xn—1)ITN >n—1-

«_ % A

In regard to the notation, all the “n” in the definition will be replaced by “A” correspond-
ingly:

. ] .\ ®2
Q% = (Qn + (772]_1)@2(1 ® Gn—l)erZn—l(Qn - Qn)) 5
Qilﬁ = Cngl

1,0 ,_ .
(i) {Qﬁ = Qu

(i)

Qp' = QL = (1 )G Vayon 1 1O,
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QT’O =QY;
(iii) Qj{l = (UnN_l)Oz(l ® Gn—l)erZn—l [(Gn—l X Qﬁ) ® Qoﬁ + Qoﬁ ® (Gp-1 X Qﬁ)]
+(’7];:]_1)OZ(C1G;?31)1TNZH—1 [Q?Z - Qﬁ ® Qor‘z - Qofz ® Qn] .

50 . .
(iv) 9? 1 ' Qn”“’r 1 N o2 ®2 \®2
Qfl’ = ClQﬁ’ - (’7”_1) (ClGn_l)lfNZn—lleﬁ .

=4 by AT bn-
(V) Vbp—1 € {0,1}, Q;,(N)l = ﬁQL E

. T bn- Nt bn-
(vi) Vb,_1 € {0,1}, jS,(N; = g Ol

0 _ b0, ofl .

(vii) {Qj,:l(N) = Q¥1 + 9?,1(1\{),

Qv =% + iy
We remark that the kernels of Qg) -class will not be used to define the coalescent
tree-based measures, the introduction is purely for technical reasons (cf. Proposition C.9,
Proposition C.10, Lemma C.10 and Lemma C.11). They are eventually proved to be very

“close” to the Q,-class kernels (cf. Lemma C.12) by the propagation of chaos property of
the IPS (cf. Proposition C.5).

B.3 Binary decompositions

Next, we define some auxiliary coalescent Feynman-Kac kernels using the same idea. Be-
fore that, we need some new notation to describe the coalescence structure that is a little
bit more complicated than the basic binary structure illustrated in Figure 2. For one coa-
lescence indicator b, we use |b| to denote the number of 1 in b, namely

|b| := Z |b,|.
p=0

Using the same definition as above, for two coalescence indicators b and b’ in {0, 1}"*!,
the notation |b — b’| denotes the number of different elements between b and b’. More
precisely,

|b—b'|=i’bp—bl’, =#{pe{o,1,...,n};bp¢b1;}.
=0

In particular, when |b| = 0, we denote (@) := (0, ..., 0).
For two coalescence indicator b and b’ in {0, 1}"*!, we say b < b’ if for any 0 < p<n,
we have b, < bj’,. More over, if b < b’, and b # b’, we say b < b’. We also consider the set

of coalescence indicators 8,(b), S, (b) and én(b) defined as follows:
o Su(b) = {b" € {0,1}™* | b, = b),};
« 8, (b):= {b’ € {0, 1}"*! | b’>bandb, = b;};

o 8p(b) = Sp(b)\{b}.
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Let us consider the following auxiliary coalescent Feynman-Kac kernels:

0[0 0[o 1,0
I = ILO in(N) Q
1|0 . AT.1 110
n ‘— ¥n and Qn ,(N) * Qn (N) (22)
o1 _ A1 o1
;lll T :1 Qn (N) Qn (N)
> 11
n = Q Q! =i

We remark that these kernels are constructed in respect of the decomposition of the partial
group structure w.r.t. the composition “+”, namely, at level n, we have

0: Qn ) and 1: Qn (N (23)
S—— S———
010:0;;"+Q 110 HLQR +Q 011

whence the four cases which correspond to the four possible choices when the partial
semigroup structure is passing through the coalescent Feynman-Kac kernel Q‘L b]’(ll With
this in mind, we define some auxiliary coalescent tree-based measures that are useful for

the decomposition mentioned above.

Definition B.3. For anyn’ > n > 1, N > 2 and for any coalescence indicators b, b’ €

{0, 1}, we define the signed finite measures Fb % and Fb b respectively by
b b)lbo b, b b b
VF e By(E), T V(F) =g @ Q" Qe ()
and bylby b!|b b
2 b |b 0 1 n n-1
VF € Bb(En)’ n (N)(F> Q1 (N) Q2 (N) Qn (]i]) Cbn(F)’

with the convention
b b b b
I, (F) = 1) ) (F) 1= n$*Cy,.

We finally define all the coalescent tree-based measures as a generalization of the work
in [CDMG11]. The following proposition is a direct consequence of the introduction of

NTrbn-1 _ AT,bn- NTabno1 1 N bn-
Quvy = [Qn" and Q= N_lQL -

Proposition B.2. For anyn’ > n > 1, N > 2, for any coalescence indicators b,b’ €
{0, 1}"*! and for any test function F € By(E2), we have the following equalities:

() T (P) = ()" T2 )

(i) Vb’ € 8 (b), rb(llf])(p) (v )|b| Iblrb (),

(iif) b('A”,)(F) (=) T Ry,

Since we have all the necessary ingredients at hand, we provide the most important
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result of this section. For all test function F € B,(E2), we have

ib b'|b
T (F) = Z L7 v ()
b €S (b)
bb b'|b
|(N>(F )+ Z ) <|N>(F )
b eS8 n(b)

|b’-b]
blb(F)+ Z (L) rrll”\b(F) (24)

e N-1
b €8 ,(b)

|6'-b|
¥ Z 1 b b
:Fn{’b(F)+ (m) Fn | (F)
b e$,(b)

In particular, for the case where b = (@), we have

o (@) _ b |b

b €S, (b)

@) ¥l
=L.ov E)+ Z Loy ()
b e8a((@)

[b'] 25
ZF,I’(Q)(F)+ Z (ﬁ) ’fz,b’(F) ( )

bes; (2)
b |
1
—) (P

1 n—1
=L7(F) + 5 — 2+

p =0 b’eS;(b),|b’|22(N_ 1

Taking into account that all the coalescent tree-based meaures are finite signed measures,
the calculations above give the following proposition.

Proposition B.3. For anyn’ > n > 1 and for any coalescent indicator b € {0,1}"*, we
have

) b by — o [ L
VF € By(E2), THb (F)-T] (F)_O(N).

In particular, we have

n-1
2 1.(2) (@) 1 =)y _ 1
VEEBED. TP TP - 5 T (F)—O(m).
p:

Remark. Above lies part of the reason why we have inhomogeneity in the notation w.r.t.
“t” and “1” in Definition 3.2. In fact, the strategy to prove the consistency given in Theo-
rem B.3 is divided into two steps, and the latter is done by Proposition B.3 above:

ib b — 1.
C TR Pl — T (F) = Ou ()

L T () -T(F) = 0 (\/LN) .
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B.4 Coalescent tree occupation measures

In this section, we introduce the particle approximations of the coalescent tree-based mea-
sures discussed in the last section. To do this, we need to adopt some notation from
[DG19](Chapter 2). The readers are also referred to Appendix A.2 of [DG19](Chapter
2) to find more intuitions and the connection between the construction of these parti-
cle approximations and the Particle Markov Chain Monte Carlo methods. Due to the
fact that the underlying resampling scheme is changed, the analysis also becomes more
challenging. Fortunately, the basic idea remains the same: we exploit the information
encoded in the genealogy, and in addition, the information encoded in the survival his-
tory, to approximate the coalescent Feynman-Kac measures. The key idea is to collect
all the corresponding coalescent tree-type forms illustrated in Figure 2, and the coales-
cent tree occupation measures are constructed as weighted empirical terminal measures
of these particle blocks. The intuition of this procedure remains identical to the previ-
ous work in [DG19](Chapter 2). More precisely, the major difference is about the weights
mentioned above, which correspond to the potential function of the original IPS in many-
body Feynman-Kac models (cf. Q},q)(mp) defined in A.1 of [DG19](Section 2.5.1)). Under
asymmetric resampling scheme, it is necessary to consider the influence of the survival
history. Thus, it is expected that the constructions become more sophisticated. Another
remark is on the measure T,/ %. since the related coalescent Feynman-Kac kernels do not
conserve the coalescence structure, its particle approximation also turns out to be a little
bit different. Recall that /12(&;2], 51[32]) € {0, 1} is an indicator function defined by

b, ~|2 2
Ap(a[ ],51[3]) =1p=0ylar=ezaz=e2y + Vb= 1{al =t =az 202}

Definition B.4 (Coalescent tree occupation measures). For anyn’ > n > 0 and for any
coalescence indicator b € {0, 1}”,“, the random measure f’fN is defined by

_ N 1, el
VF € By(E3), T) \(F):= (N— D Z {l_[ AZ(APP 1,4;2]) Cp, (F)(X").
A ey (=0

The next theorem is brought from Proposition 4.2 of [DG19](Chapter 2), and the proof
is a slightly modified version of the one given in Section 4.5 of [DG19] (Section 2.4.5).
It is one of the most important ingredients that connect the coalescent tree occupation
measures and non-asymptotic variance of Feynman-Kac IPS. It provides information on
the combinatorial structure of the IPS in regard to the coalescent tree occupation measures
ffl” ~-» Which does not depend on the resampling scheme and regularity assumptions whilst
the IPS is well-defined. Namely, it reveals the essential combinatorial properties that apply
to all genealogy tree-based particle systems when each particle has only one parent. This
combinatorial property, in particular, is also valid in continuous-time settings and/or in
the frameworks with even more complex resampling schemes. A possible variant of the
current work is to replace multinomial resampling for the non-survival particles with
more advanced methods, such as residual resampling, stratified resampling and systematic
resampling, etc. In this article, it is the bridge between the asymptotic variance, non-
asymptotic variance, and eventually, the construction of our variance estimators. The
proof is given in Section C.6.
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Theorem B.1. For any test function F € By(E2), we have the following decompositions.

o N1\l
) ) _
() (F)lfNZn—be{;}M (—N ) (ﬁ) I o(Floyom as.

and

N o2 N-1 n+1-|b| 1 || ,
()/n )® (F)ITNZH = Z (T) (K/v) irn,N(F)l‘[NZn' a.s.
be{o,1}n+1

Below we list the most important lack-of-bias and convergence results of the coale-
cent tree occupation measures, serving as the particle approximations of the coalescent
Feynman-Kac measures. The proofs are divided into several technical results: they are di-
rect consequences of the combination of Lemma C.1, Lemma C.2, Proposition C.2, Propo-
sition C.3 and Proposition B.3, with some standard manipulations of bounded i.i.d. random
variables for the case n = 0, which is provided in Lemma C.4. The only remark is that for
any coalescent indicator b and for any coalescent Feynman-Kac kernel, e.g., éj{b, we have,
by definition,

Vo.y € By(En). 3f.g€Bp(Eur) st QiP(p®Y)=f®g.
The property above also holds for Qi’b.

Theorem B.2 (Unbiasedness). Assume symmetric resampling, that is Qn = Qn foralln > 1,

then, we have
B[ L0 (F) 1y 2a| = T(F) = yS4E)

Theorem B.3 (Consistency). For any coalescence indicator b € {0,1}"*! and any test func-
tion F € By(E,)®?, we have

R 184 — .
() THE () eyon = T30 (F) = O (=)

(i) TR (Pl — T (F) = 00 (&)

Z

2

Remark. The notation
b b 1
TR (F)leyzn — T P(F) = Oy (_\/ﬁ) ,

means that

b ,
F,L,N(F)ITNZn - Frj b(F)

1
=0|—].
L! (\/JV )
The reader is referred to the beginning of Section C for details.

By linearity of signed measures, we have, on the event {ry > n},

oy ([F =i (H]™)

=P =Y () (D% (18 £ + T (F @ 1) + Y (DT (199),
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as well as

= ®2

o (1F -] ®)

=T () - () Tk 1o £+ Tk (F @ D) + aY (FPEL (199).
Then, Theorem 2.1 gives
UIrY(f)ITNZn —na(f) = Op (1),
and
1/Yr11\](f)21n\r2n - 1/}’n(f)2 = 0p (1).

Finally, combined to Proposition C.7 and Proposition C.8, we have the following corollary.

Corollary B.3.1. For any coalescence indicator b € {0,1}"*!

By(E,), we have
@) TR (L = 1O oo v OF = TP (1 = 1aD1%) 11 = 0y () s
i) T8 (L = N (D)% Jewan Y 1 = B2 (1F = ma(P1%9) /a0 = 0y ()

and any test function f €

B.5 Feynman-Kac measures flow in a random environment.

In this section, we provide another interpretation on the construction of the coalescent
tree occupation measures. One of the main message of [DG19](Chapter 2) is to provide
some intuition on the construction of the coalescent tree occupation measures using the
many-body Feynman-Kac models introduced in [DMKP16], by considering a Gibbs sam-
pler w.r.t. the original IPS and coupled particle block on a sophisticated path space. Then,
we define the event that traps the desired coalescent particle block and eventually, we
construct the estimator given in Definition B.4. This methodology gives the foundation
of the present work: Definition 3.3 is also obtained by this procedure, though it is not
discussed in detail as in [DG19](Chapter 2). Now, let us look at this family of random
measures from a different angle. We begin with some basic observations. To facilitate the
writings, let us fix a time horizon T € N*. The following discussion is valid on the event
{tn 2T} and 0 < n < T. Given W¥ (cf. Section C.1) and fixing ELZL € (N)?, we have

2
Vbe {01}, vne[r], > A 1(An l,el 1y=1.
ey
Therefore, let us consider the state space (N)?, the matrix of size N(N — 1) X N(N — 1),

with some prefixed ordering rule on the set (N)?, is denoted by

( l(An ]1’££12]1) (26)

) (L, eccovyy®
which can then be regarded as a random transition matrix, with

noa(A

nl’nl)

denoting the probability of transition from the site E[ ] | to the site 02 For the general
theory regarding to the Markov chain in a random env1r0nment the readers are referred
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to [Cog80]. Returning to the definition of coalescent tree occupation measures Ff’jl:,, we
can find a similar semigroup structure: the initial distribution on the state spac’e (N)?
is m®%([N]) and the potential function on the site EEL is G,il(Xn_1), which is a constant
function given WY . Therefore, by denoting

HEL[ 2] = GEE (X, )2E (A

n-1° nl’nl)

and by respecting the composition law of the matrix multiplication, we define
1.b b 2] 2] bry b2l 2
O A ISR N E S - TG ) Y - A ViR
de(ny
In addition, for any random measure A,_; on the state space (N)?, we define
(An .- Hib) Z At [02 ] HEL[AD) 2
Z[Z]E(N)Z
and for any random test function F on the state space (N)?, we define
HR B )= )RR A2 < P,
[2] E(N)Z
In particular, we denote
An(B) = > ARG x P,
A e(N)2

Obviously, these composition law does not depend on the prefixed ordering rule on the
set (N)? since the sum “+” of the random variables is commutative. Now, we are able to
give an alternative representation of Fi . We define

ALV = mO(IND) - HEDHGD - HEO LA, (27)

with the convention Ag’b := m®?([N]). Accordingly, the random test function F? is defined
by
[2]
FL16] = Gy, (F)OX™).
Consequently, we have
ALP(ED) = TR (F). (28)

The random measure notation above is frequently used in the proof of technical results,
an explicit form can be found later in (56). Similarly, we denote

]
HEP[2 2 = GRE (P By, Xao)Ab (A P,

and
AL = mO(INY) - B - - HPP AT,

with the convention K(T)’b := m®%([N]). Apart from the fact that this writing guided and
simplified some of the proofs of the technical results, the main motivation is to provide
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a decomposition result similart to the one in (25), which is essentially due to the partial
R-algebra homomorphism. We define HY := H°. By definition, we have

n—1>"n n n—-1"n n-1>"n

1 ~
H%[f[z] 5[2]]+N 1HT’1[f[Z] f[z]]=Hi’b[f[2] f[z]]’

which yields, for the associated random matrix,

0 I &4
nTN_1 " n

Therefore, we have the following decomposition:

R,
)

1(2) (b 2) (pb
AT ED) =0 () + T

b'es5((2) (

1 n-1 1 1671 _ ,
=AY E) o D AT E Y (N—_) ALY (D).
=0 b e85 (b),|b'|>2

which is equivalent to

|
1 —
ORI R Y ) IRl
beS3 () 9
©) 1 =) 1\
=N (F) + Yrve+ > (N - 1) 2 (F).
p=0

b’ eS; (b),|b'|22

Thanks to Proposition C.8 and the decomposition (29) above, we have the following propo-
sition.

}M+a

Proposition B.4. For anyn’ > n > 1 and for any coalescent indicator b € {0, 1 we
have
1 S 1
VF € By(E).  (Til(F) = L) = <= D T () | 1020 = Ou (F) :
p=0

B.6 Efficient estimator of 7’@)

As is mentioned before, we failed to provide an O(nN) time complexity algorithm to com-
pute the term by term variance estimator and the non-asymptotic variance estimator pro-
vided in the previous sections. Therefore, we give a new asymptotic variance estimators
that can be computed with O(nN) time complexity. The idea is to construct some new
coalescent tree occupation measures that are very “close” to f;r(lf;) , which is easier to ob-
tain by some numerical techniques to reduce the computational costs. First, let us define
a new sequence of random matrix on the event {ry > n}. For any N > 1, we consider

750 ,0 7.0 of.1
H; = H;" = H}" + x5HL
H;' = H}.
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Next, using the same semigroup property of these random matrix and random test func-
tion as in (27) and (28), by consider the initial distribution m®?([N]), we define the new
coalescent tree occupation measure F}f’i, for each b € {0,1}"*! by

VF € By(ER), TrQ(F):=ALP(F,) = m®*(N])-HP" - HLP - HEP(F,),

with o
Fo [/ = FOm).

Proposition B.5. For any test function F € B,(E%) and for anyp € {0,1,...,n — 1}, we

have
= 1
T8 00 )
Finally, without loss of generality, we explain why the estimator given in (14) can be

computed with O(nN) time complexity. In fact, the first part of the estimator

2 (L - o)

p=0
can be approximated by the variance estimator NV.V( £)yN(1)? proposed by Lee & White-
ley [LW18]. Hence, an O(nN) algorithm is therefore available. It is then sufficient to

provide an O(nN) algorithm to compute f:fl(\l;)( f®2). This is possible due to the homo-

geneity of the potential function Gfl(Xn) w.r.t. the different indices ZE,Z] and the following
technical lemma.

Lemma B.1. Let (R, +, %) be a ring, and (&;)ic[k] be a disjoint partition of [N] for some
k > 1, then for any sequence (a;);c[n] composed by elements of R, we have the following

equality:
N N k
5w (S «(Sa] -5 S ava
ieé'p,jeé]q s=1 s=1 r=1/eé&,
0<p#q<k

In our case, the partition (&;);¢[«] is the divided by the ancestor indices of the particles
of level n. The ring R is R and the “x” product refers to the operation

R*XR* 3 (x,y,2) x (x',y,2)) = (x; xx",yx 2/, zxy’) € R®,
which represents an intermediate step in the Algorithm 4, whose final output is
(x,y,2), (x", ¢, 2 ), =x1 Xx +yxz' +zXxy’.
This is useful in calculating the term
A PEE D).
In fact, for any test function F € B;(E,)®?, the term above can be a.s. reformulated as

N e
areny € (R, st Ve e (N2 AEPEFER) = (ag . ap ), -
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Hence, by applying Lemma B.1, one can therefore compute Fl:j”%’)( £®2) with O(nN) time
complexity. The details can be found in Algorithm 5, and the design of the Algorithm 6
is similar. We remark that when the homogeneity w.r.t. the potential functions for the
Feynman-Kac chain in a random environment is missing for more than finite levels w.r.t.
n and N, we are not able to construct the ring homomorphism discussed above. This is
the intrinsic reason why we failed to apply this technique to reduce the time complexity
of the non-asymptotic variance estimator V.V (f). In the Algorithm 7, the corresponding
term
mOX(INDH [0 TFS (0

is therefore calculated by violently searching all the possible choices. This is why the
computation is of time complexity O(nN?).

C Proofs

In this section, we list all the proofs in the present work. Some notation are gathered in
Section C.1, such as the formal definitions of the filtrations frequently used in the proofs,
along with the most important martingale decompositions. A little plan on the organiza-
tion of the technical results is also provided. In order to facilitate the writing, the stochastic
bounds introduced in [Jan11] are intensely involved in our technical results. More pre-
cisely, we use frequently the notation Op, Orr and O, ;.. Let (an; N € N) be a sequence
of natural numbers, where N represents the number of particles in the IPS. The notation

XN = Op(aN)

means that the sequence (Xy/an; N € N) is tight, namely, for any ¢ > 0, there exists
0 < M, < +o0, such that

limsupP (| Xn/an| > Me) < €.
NeN

In particular, op(1) means convergence to 0 in probability. The notation
XN = Owr(an)

means that the random variable Xy /ay is uniformly bounded in LP-norm w.r.t. N. The
notation

XN = Oa.s.(aN)

indicates that

P({w € Q: sup | Xn(w)/an| < +oo}) =1.
NeN

Thanks to Cauchy-Schwartz inequality and Markov’s inequality, we have
XN =045.(an) = XN =Op2(an) = Xy = Oni(an) = Xn = Oplan).

We also remark that for all these 4 types of stochastic bounds, they are weaker than the
corresponding convergence. For example, if

L'/p
Xn/any — Const. < +o00,
N—>

one also has
XN = Opijplan).
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C.1 Martingales

We present some important martingales encountered in the analysis of SMC framework.
They are crucial to some of the technical resutls in this article. We also hope that the
similar construction may inspire the future work in different settings. Before going into
details, let us define some filtrations associated to the Feynman-Kac IPS.

Filtrations. (FY),>, denotes the filtration that consists the information of the values
of particles. More precisely,

FN ={2,Q} and Vn>0, TN :=o(X,,...,Xn).

If we only add one particle at each step, a more refined filtration (SkN )k >0 can be defined
by

N N i
Vke[(n+1)N], & =9, ValX,, . X5),
where for any k € [(n + 1)N], we adopt the notaition
=X d ik =k —pr XN
Pk = N an I == Pk .

Next, (G),50 denotes the filtration that contains the genealogy of IPS, which is defined
by

Vne{-1,0}, GN:=3Y and Vnx>1 GY:=FNvo(A,...,Au1).

Finally, the filtration that contains all the information including survival history of the
particle system are denoted by (WX), 5o, namely,

Vn € {-1,0}, Wfl\’ = S’nN and Vn>1, W,I;[ = SnN V o(By,...,Bn1).

Moreover, as is used several times in some technical results, we also consider an updatated
—N
filtration (W,, )n>0 defined by

—N
W, = WN v a(B,).
Proposition C.1. For any test function f € By(n), we define

fp,n = Qpn(f)
Then, (U,f\](f))kzl defined by

U/iv(f) = Yka(l)fpk,n(X;;i)lszpk - )/ka—l(l)ka,Ugc_l(f}Jksn)(X;)];—l)lfNZpk_l

isa (Ei‘l)—martingale difference array.

Proof. The measurability is clear by definition. Since ||G,||, is bounded by 1, we have

U <311l as. (30)

which gives the integrability. Then, by the fact that

lTNZ[Jk—l = 1TNZpk + lTN:pk—l,
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one writes
E[UY() ] €]
=E [Yg(l)f;)k,n(xgz)lﬁvzpk—l - YPNk—l(l)ka,qgcﬁ(f})k,n)(X;I]i_l)ITNZpk—l

= B [y (0 fpn O e | €L

e

=0 a.s.
=LoysptE |1t (D fpnOG0) = Va1 (D, U)X | EX,

=0. a.s.
This ends the verification of Proposition C.1. O

Recall that, by definition, we have

On = Qon + Un—l(Gn—l)(Qn - Qon)

Hence,
Yn-1Qn = Vn,
which yields
Yo(fo,n) = ya(f).
We denote
DY () = ¥p 1(Q5 = Q) fpn)len2p-1s
with

Vp=1, Qp:= Q°p + Ug—l(Gp—l)erZp—l(Qp - Qp)

The interest of the martingale difference sequence defined above lies in the following
decomposition:

Yo (Feyzn = ¥a(f)

= > (1 o) enzp = 11 @y Lot
=0

(31)
1 (n+1)N n
= kz U;V(f)+Z;D;Xn<f>,
=1 p:

taking into account the convention
YN=vo=n0 and Q,n(fo.n)x)=n0(fon) = ya(f):

Note that, for the case QP = Qp, we have almost surely Dg’_ l,n( f) = 0. In this case,

(1 0pn()

0<p<n
is a (Jp;0 < p < n)-martingale.

Now, to facilitate the writing, we fix a finite time horizon T € N*, and a test func-
tion F € B,(ET). As a natural extension, we discuss a similar family of bias-martingales
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decomposition brought by the partial semigroup structure of coalescent Feynman-Kac
kernels. Let us consider the term defined as follows:

i+ ,b i,b
XEP(F) =T QP L (F)ley zn.

First, the integrability is guaranteed by Proposition C.7. Then, thanks to Proposition C.9,
we get a almost sure equality which is very “close” to a martingale structure:

E|TH? Qfl:”T(F)uNZn

N b - ,b
9n—1 = rn—l,NQ%‘l ! Qi’T(F)lTNZn—l'

Note that, since Qlfl" conserves the coalescence structure, the term Cj disappears. We
denote
b b b N
FDEN(F) = 350 (F) — B [%E0F) | 3L

as well as
"DEY(F) .= E [Xf;b(F) ’ 9nN—1] - X0 (F).

Thanks to Lemma C.10, Lemma C.12, the Minkowski’s inequality and conservation of
coalescence structure, we deduce the following Lemma C.1. Then, the Proposition C.2 is

a direct application of Doob decomposition theorem.
Lemma C.1. For any test function F € Bb(E%) and any coalescence indicator b € {0,1}7*1,
we have

n ﬁDi’b(F) = 1 (L) ,
2 '\
and .
PDEL(F) = Oy (i)
2 \w

Proposition C.2. For any test function F € B,(E%) and any coalescence indicator b €
{0,1}7*1, the integrable process (Xf{b(F); 0 < n < T) can be decomposed to a (GY;0 < n <
T)-martingale (Mf;b(F);O < n <T), and a integrable predictable process (Ai’b(F);O <n<
T), respectively defined by

n
MP(F) = X5P(F) + ) PR (F),
p=1
and
n
ALP(F) = ) PDEP(P).
p=1
Similarly, we also discuss the martingale decomposition associated to the measure
l";i, We define
e 7Hhb At.b
XLP(F) =T 8 QUG (F)ley 2,
as well as

B (R = ) - B [Fi0E) | WA

and B B B
B F) = E [T | WL | - ).
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Thanks to Proposition C.10, Lemma C.11 and Lemma C.12, we have the following results.
The unbiasedness given in Proposition C.3 is a direct consequence of the definition of
=i,(@ ~i,(@

6"© and 0}

Lemma C.2. For any test function F € Bb(E%) and any coalescence indicator b € {0,1}7*1,
we have

n B (F) = 0 1(L)
2 W
and .
bS5 (Fy = 0 l(i)
pZ " (=00 |

Proposition C.3. For any test function F € Bj,(E%) and any coalescence indicator b €
{0,1}7+1, the integrable process (Xj{b(F); 0 < n < T) can be decomposed to a (WN;0 < n <
T)-martingale (ME’I’(F);O < n <T), and a integrable predictable process (AZ’I’(F);O <n<
T), respectively defined by

MP(F) = X0 (F)+ > FDE(P),
p=1
and .
AbP(F) = Z DA (F).
p=1

In particular, under symmetric resampling scheme, that is On = Q°n for alln € [T], we also
have B
bDj{(@)(F) =0, a.s.

which yields

isa (WN:0 < n < T)-martingale.

C.2 Verification of asymptotic variance expansion

In this section, we verify the asymptotic variance expansion (8) given in Section 3.1. Recall
that, with the introduction of coalescent Feynman-Kac kernels, we have

n
o2 ()= 3 [y e - 14, Ci08%  Q(F®)

p=0
By definition, since
®2
)/,;@_21 (1)1 = )/n—lQn + Un—l(Gn—l))/n—l(Q'n - Qn) = Yr;@z,

=0.

we have
Y22 = P (f%2).
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Next, for the latter term, since

Qpra(f%) = (Qpn() ™
by applying (17), we deduce that

Vpeln yPC0% Q (‘”’<f®2>

=y (CL L 08 QN (FE) +y P4 CIRE: Q) (F97)
no(Fe?)
Note that
Yo € By(Ep), Rp,np_l(‘l’)(x)z
=10p-1(Gp-1)?On(@)()? + Gp1(x)*1p-10p(0)?
—~ 21— 1(Gp-1)1p-1Qp(@)(Gp1 X Qp)($)(x),
whence

Yp 1C1R§)2;1P 1(‘P®2)
=Np-1(Gp-1)’y, 72 C10F(0®%)

- —Up—l( 1)}’p 1 ®2 +2'7p—1(Gp—1)}’f_21[Qop ® (Gp—l X Qp)] ((P®2)-

Up—l( 1)Yp 1[Qp Qp ®ép‘ép®ép]

vEL05 (0)=T P05 (0=)
Replacing ¢® by Q\7)(£%2) = Q7 (f®?), we get

Vpelnl yGi0p,  Qua(f)
T r([@)(f@Z) _ r;_(l@ Qp (®)(f®2) + 1, 1(Gp l)zylecl (@) (f®2)
L) =TI 4 1y (Gp) T 0105 O f®2)
Taking into account that
Vel LY V(F) - npa(Gpr) TR P02 Q0 (£52) = Ty 7V (22),
and
r(")(f®2) T (n)(f®2)
as well as the convention (4) for the case p = 0, that writes

rECQR, QL) =TI (%),

we finally obtain the coalescent tree-based asymptotic variance expansion:

n n-1
ot (=Y (Lo -n2(re?) + Y TP o).
=0 p=0
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C.3 Proof of Theorem 2.1

For any test function f € B,(E,), the unbiased property

E [Yrjz\](f)lfNZH] = yau(f)

for the case Qn = én is a direct consequence of the martingale decomposition (31). For
the almost sure convergence, the proof is done by induction. For the step 0, the almost
sure convergence of 77\ is a direct consequence of law of large numbers for i.i.d. random
variables. For step n > 1, we suppose that for each 0 < p < n— 1, we have

Vop € By(Ep), 1) (0p) % my (@p)-

We first check that
1 (n+1)N
N a.s.
< kZ U (f) === o. (32)
-1

Taking into account that

N <31 s as.

we have, thanks to Azuma-Hoeffding inequality, for any a > 0,

—2No?
>No| <2expy————— -
In+DIfIS
Hence, the almost sure convergence (32) is then ensured by Borel-Cantelli lemma. On the
other hand, the induction hypothesis gives

(n+1)N

2, U

k=1

P

Vpelnl Dpl(f) === 0.
which yields
2. DY) === o.
p=1

The verification of the almost sure convergence for yN(f)1,y>n is then complete. The
almost sure convergence of 7Y is then trivial since for any test function f € B,(E,), the
convention (1) allows the writing

N
(f1rysn = )
T (o2 YN (D)1 2n

C.4 Proof of Theorem 2.2

Lemma C.3. Let uN be an empirical on E,_;, we suppose that there exists a probability
measure u on E,_1, such that for any test function ¢ € By(E,_1), one has

N (@) = u(@).

Then, for any test function f € B(E,), we have the following almost sure convergence:
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@) 1 (R () == gt (R (F7)
i) 1 (Qu v (1) == 1 (Qup(FF)

Proof. Before starting the proof, let us recall that for any probability measure y € P(E,_1)
and for any test function f € B,(E,), we have

Qnu(F)x) = pQOn(f) + Ry u(f)(x)

with R, , defined in (15). Basic algebraic mulipulation gives

Qnu(F)x)? = HOu(F)? + Ry (F)(%)? + 21100 (f)Ri u()(x)-
Recall that, by definition, we have
Ry v (F)x) = i (Gpo1)On(F)(x) = Gt ()N On(f)
and
Ry un ()(x)?
=N (Gt On(F)(x)? + Guoa (02N Qn ()2 = 20N (Gre )N O ()Gt ()0 (F)(),

whence we deduce that

i (R ()
=N Got i (0n?) + 1N G (On(1)) = 2N G N O P (G sGn())
Since G,_1, Qon(f) € By(E,-1), Theorem 2.1 gives that

i G- (On(F)2) + AN (G N On(F)? = 2™ G )i O F)pin (a1 0nl()

a.s

s (G- (Onl(2) + G On(F) = 24Gr-)iQu(Fpt (Gr10n(F))

N—
On the other hand, as

 (Rau(?) = G141 (On( ) + HGE_ NG (/) = 24(Gr-)HGn( it (Gr1Gn)
we safely deduce that

i (Rup(F)) 57 1 (Rup(F)7).
which terminates the verification for the point (i). Next, by standard calculation, we obtain

QN ()P = 1N On(£)? + Ry iy (F)x)* + 26N Q)R v (F)(0),

whence
i (Qun ()
=N RN Gu( + 1 (Ru v (1) + 2 Qu( I G-t (O = B

Finally, as Qn(f), Q,,(f) € By(E,-1), point (i) and Theorem 2.1 combined with the fact
that

1 (Qn,u(F)?) = pOEO(F)? + 1 (Ruu(H)?) + 2100 (H)i(Grot)i(On — On)(f)

ensure the desired convergence in point (ii). This closes the proof of Lemma C.3. O
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Now, let us start the proof of the CLT-type result for yN 1, >, and n¥ 1, »,. The proof
is done by induction. The verification of step 0 is trivial by the central limit theorem for
iid. random variables. For step n > 1, we suppose that, for any test function ¢, € B,(E,),
we have

d
Yo<p<n-1, VN (Uﬁ(%)lm >p ~ Up((Pp)) m’ N (O, ng((ﬂp - Up((ﬂp))) .

Again, let us go back to the decomposition (31). First, we prove that

(n+1)N

1 d

= A Rt (XA (33)
k=1

In order to apply Theorem 2.3 in [McL74], one needs to verify that
« The boundness of G, gives that

max ’ - k(f)’ —||f||w, (34

1<k<(n+1)N

which shows that max; <k <(n+1)N |ﬁUl§] (f )| is uniformly bounded in L2-norm.

« From (34), one also gets that

1<k<(n+1)N‘\/_ k (f)' N—oo

« For the asymptotic variance, we deduce that

2 . .
(U] =P Foen G e+ Yp a0y gy (o XLy

P(k) PN (k)

- 2Yka—l(l)ZUgc—l(ka—l)fpk,n(Xlk )ka ;7N (fpk n)(X;,]; l)lTNZPk

P (k)
First, let us prove that
1 Y as. o
N 2 PR =2 ) nn (). (35)
k=1 p=0
In fact, by the construction of the Feynman-Kac IPS, we have
1 (n+1)N n
N kZ PV (k) = PZ v Oy (fy ).

Hence, Theorem 2.1 gives the desired convergence (35). Second, for the term con-
cerning P,(k), we would like to show that

(n+1)N n
3 PO S (s (O ) (36)
k=1 =0
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Similar to the previous case, we deduce that

1 (n+1)N

N PYE = D 1Y (g Gr?).

k=1 p=0
n
= D 0N Qg )
p=0

The convergence (36) is then obtained by combining Theorem 2.1 and the point (ii)
of Lemma C.3. Then, for the term concerning Ps(k), we prove that

(n+1)N "
1 a.s.
N 2 BO5E0 20O (Qpoip s o). -
Notice that
[PN(k) Pr— 1]

=/ (VP11 Cp-)Qp, s o)X JE [f(X”‘ N ]

=V pe-1 (1 1t 1 (Gp-1)K,, o (fpn) e 1)ka,,,;yk_l(ﬁ,n)(X;f,Z 1

ix
oy Unm X )

=P} (k).

Hence, by exploiting the already proved convergence (36), it is sufficient to verify
that

(n+1)N

1 a.s.

< > (PN -PYw) o (38)
k=1

Recall the filtration (8kN ;k > 0) defined by
Vk € [(n + 1)N], SkN = S"N Vao(X pk"' X”‘)

It is readily checked that (Pév (k) - Pév (k))is a (8;{V )-martingale difference array. In
addition, the boundness of G,, ensures that

PN (k)= PY (k)| < 81fll-  as.

Thanks to Heoffding-Azuma inequality, one obtains

—a’N
2 Na| <2exp| ——————— |-
32(n+ D IfII5

The almost sure convergence (38) is then followed from Borel-Cantelli lemma. In
conclusion, by combining (35),(36) and (37), one gets

(n+1)N

> PN - PN (k)

Ya > 0, P(
k=1

(n+1)N 0 /P

< Z () =5 62 (). (39)
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Next, the induction hypothesis, Lemma C.5 and Theorem 2.1 ensure that

DY u(f) = |1psGpmt) = 1p-1(Gpo) | Lot 14y = Q) lenspets (40)

() "
whence

> D) = on =)
2P0\

Slutsky’s lemma then gives the CLT-type convergence for y.¥ (f)1,y>n. The CLT-type
result for 7Y (f)1,y»n is a direct consequence of Slutsky’s lemma and the following de-
composition

N (Y (P2 = 1) Tz
1
= N (0 =D een = 1l = 1) Ty

This ends the proof of Theorem 2.2.

C.5 Proof of Proposition 3.1
First, we notice that
VN(f) = (y,fj’(1)2 - rnj(ff)) Trom + (rj:f\?) - rfﬁzj) lrop.  @s.

We start by study the first term on the right-hand side of the equality above. Thanks to
Theorem B.1, and by considering the stochastic bound given in Proposition C.7, we have,
on the event {ty > n},

n+1 _ n n
e = () e (5 S on )

Notice that

n n+1
N-1 :1—(9l and N-1 —1=—n+1+(‘)i,
N N N N N2

which yields

N (12 = THD) 1ean = S (F0 e -T2 (r%9) + 0w (%) SENCEY

Next, by applying the decomposition given in Proposition B.4, we deduce that

n-1

1) _ (@) _ 1 =t.(p)
N (rn,N - 1—‘n,l\l) lrsp = (1 + ﬁ) Z rn,N (F)l;>p.

Combining the two parts, we finally obtain the desired stochastic bound in (12). For (13),
the reasoning is similar by the same algebraic manipulations. The only remark is that due
to the “normalization” procedure, the stochastic bound w.r.t. L?-norm given by Proposi-
tion C.7 and Proposition C.8 will be replaced by a weaker version, namely,

TER(F)/yN (1) = 0p(1) and T3 (F)/ya (1% = 0p(1).
This is ensured by Theorem 2.1.
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C.6 Proof of Theorem B.1

On the event {ry < n}, it is clear that both equalities hold. On the event {rx; > n}, the
particle system is well-defined from level 0 to level n. Since

N—-1 n+1-|b| 1 |b|_ﬁ(N_1)1—bp
N N| N
p=0
we have

n+1-|b| b
B e

n—1 _ -bp
s (A

e[z] E((N)Z)X(nﬂ) p=0
Enumerating all the possibilities for the coalescence indicator b € {0, 1}"*! leads to

Z {l_[ (N-1)'"b }l—ﬂ’f’N(F)

be{o,1}n+1

(1 N-1
DD [N LY.
N (a4, Fae APH =0z2y N (aftopaa =)

Glewy gl ey 1P

(Nli 1)n {NJJ e (Xa)CoF) + %m”(xn)cl(m} .

To conclude, one just has to observe that, foreach 0 < p < n -1,

N-1 N-1
(Nl o1 . 2 . + N 1 o1 . 02 . ) = T, a.s
p+l_ 4 P+l _ p+l_ p+1_
vy (A, =A" =6} (A7 =4, =0}

while, by (2),
MO E) + om P Xa)Cu(F) = mE X)) = () (F).

Multiplying both sides by .Y (1)? gives the corresponding relation for (y)®%(F).

C.7 Proof of Proposition B.5

For all N > 2, let us consider the following auxiliary random matrix:

ﬁi,o|o _ ﬁ;rl,o; H; (EJIS) — ﬁL’O;
et . gl ghllo _ 1 @il

o 0f1 ~ and Hn i Ban

Hff, .= 0; H;l (]IV) = 0;

S 1)

' = gL g (L)' H'.

Using the partial semigroup structure, we define, for any coalescence indicators b and b’,

=%,b'|b ~Eb|b L0 b b =50 |b
VF € By(E2), T P(F) = AL"1P(F%) = mO2((NY) - BPYV V1 HEV (R,
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with "
Fo[07] = FXP).

Similarly, we also define

j,b b/ b Eb b b b ib b
VF € By(Ep), ALy (FS) = mOA(ND) - HE(G) - Hy () - HE O (F).

Remark that 0 = 0 x ﬁ Hence, by definition, we have

b'-b
Abblb(gh) 1y IXi,b'lb(Fb) s
s N : b). as.

Next, we consider the binary decomposition w.r.t. a coalescence indicator b. More pre-
cisely,

N b'|b

AP = D REV(E,)

b’ €8(b)
b b
=K En) = D, Al (Fa)
b’ €S(b)
blb b'|b
=K+ D R (Fa)
b ed(b)
NG L\
=Ny (Fn) + Z (N_ 1) A7 ().
b’ €S(b)

Therefore, it suffices to verify that for any coalescence indicator b” and b, we have
K" (F) = 01:(1).
By definition, if there exists ny > 0 such that
by, =0 and b, =1,

we have
LD b _
ARYIbE ) = 0.

If not, let us consider the mapping ¢ : {0,1}? — {0, 1} defined by
$(0,0)=0, $(1,0)=1 and ¢(1,1) = 1.
We also denote by := (¢(bo, by), (b1, b)), . . ., $(bn, b},)). It is then easily checked that
Ry, = Ay (F) = T (F).
As a consequence, thanks to Proposition C.8, we have
A" () = 00a(1).

This is sufficient to end the proof of Proposition B.5.
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C.8 Technical results

In this section, we list some technical results in support of the proofs given in the following
sections. We remark that Lemma C.5 serves as a technical lemma, designed to prove
Proposition C.4 by induction. Since the latter one is proved to be true, the hypothesis
in Lemma C.5 can thus be removed. This is why in the Proposition C.5, it can be used
without induction argument. In the proof of Proposition C.7, we do not give the finest
analysis, which is done later in the proof of Lemma C.10. This organization is due to
the complication of the notation in the present work. Since the rougher analysis in the
proof of Proposition C.7 is more straightforward than the finer version in Lemma C.10,
we consider it to be a good warm-up to the techniques involved in this section, which are
highly repetitive in regard of the application of the pivotal decomposition (63).

Lemma C.4. For any test function f, g € By(Eo) and for both by = 0 and by = 1, we have

(’7(])\])®2cb0(f ®g)lfN20 - q(()gzcbo(f ®g) = OLZ (vlﬁ) :

Proof. For the case by = 1, it is sufficient to verify that

Vo € By(Ee) 1Y (@)loy 50 — nalp) = Ou (viﬁ) ,

which is clear for the bounded i.i.d. random variables. More precisely, we have

E 15 ()Xo + 1= 1) = no(f)] =E [15' (F)(Ary20 = 1]
<I1f 1l P (7' (Go) = 0) .
Since E[ryé\] (Go)] = no(Gp), we have, thanks to Hoeffding’s inequality for bounded i.i.d.
random variables,
10(Go)
2

>

P (qéV(GO) - o) <P (qéV(GO) <

exponential decay rate.

which guarantees
E [’ (f)1eyz0 = mo(f)] = O (%) (42)

whence, by Cauchy-Schwartz inequality,

”’Y(JJV(f)erzo - Uo(f)”Lz =0 (\/Lﬁ) .

For the case by = 0, since

(16)%2Coy (f ® 91y 20 = 15°Ciry(f ® 9)
=) (1 @) = @) Tew=0 + 10(9) (1 (F) = 10() Tey 0

The conclusion is also straightforward by considering the case by = 1. O
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Lemma C.5. Ifforall0 < p < n—1, we have

1
Yo, € By(Ep), U;;V((Pp)erZp = Np(pp) = Oz (\/_N) )

then, we also have

1

P(TN<n):O(ﬁ)-

Proof. By definition, we have
P (TN < 0) =0.

For n > 1, thanks to the bias-martingale decomposition (31), the almost sure boundness
(30) and Azuma-Hoeffiding inequality, we have

V(1) 1 Y V(1)
Py (Dloyzn < 75 )SP(N ; uN)| > )+P Z N ) > & )
exponential decay rate w.r.t. N
(43)

Then, we verify that

n

> py,m|>

p=1
By Markov’s inequality, one has

n())_ |

P

yn(l)) O(%)

D, 4% o2
ynu) a(1)

n

> oY, >

p=1

P

Thanks to Cauchy-Schwartz inequality, one derives
|
= “}’;};\11(1)’7;;\]—1(Q.p - Qp) (Qp,n(l)) [’7;1;\’—1((317—1) - Up—l(Gp—l)] ITNZp—IH

<[y 0m Gy — 0 (@) ey zps

Lt

(Ug_l(Gp—l) - Up—l(Gp—l)) 1ry>p-1

L2 Lz’

In addition, we also have

731G = 8) (@pn(D) Tz,
< H}/lﬁl(l) (’71])\[—1Q-p (Qp,n(l)) erzp—l - Up—lQp (Qp,n(l))) 17N2p—1 L2

+ ||Y;,\£1(1) (’75_1@7 (Qpon(D) Leyzp1 = Mp-1Qp (Qp,n(l))) Loyzp-1

Lz
Therefore, consider the hypothesis, and the fact that

yN.(1) <1, a.s.

ool =o (%)
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which yields

P(y,llv(l)lmzn < Y"T(l)) =0 (%)

Next, since

{tny <n} Cc {ty < n} :{TNSn—l}U{y,]lV(l)ZO}

yn(l)}
e

c{ty £n-1}U {y,llv(l)ITNZn <

one derives that

P(TN < T’l) SP(TN <n- 1) +P(yrll\l(1)1TN2n < Ynz(l)) .

By applying the inequality above recursively from n to 0, one finally obtains

P(TNSn):O(%).

Proposition C.4. For any test function f € B,(E,), we have

UJrY(f)erZn - Un(f) = O[L,Z (\/%) .

In particular, one also has

YN (Pl on = y(F) = Ou (vlﬁ) |

(44)

Proof. The proof is done by induction. For n = 0, the stochastic bound is clear for the
bounded i.i.d. random variables. which is guaranteed by Lemma C.4. For step n > 1, we

suppose that

)

1
Vop € By(Ep), Ugl(‘Pp)lfNZp = np(pp) = Oz (

We consider the event QY ¢ Q defined by

Q) = {yﬁ(l)lmn > y”z(l)}.

By the definition of the absorbing time 7, one has

¥Yn(1)
2

QN = {y,’lv(l)lmzn > and Ty > n} c {zn = n},

whence

1QnN < 1TNZTI‘
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Then, by the fact that

Tryon = loysn = 1gN +1gn < |lpysp —1+1 - 1QN‘ + 1N

(45)
<1 1rgnn| + |1 - 1Qy| +1gy < 21Ny + gy,

we obtain

() = (P Lezn < I (D) = ma(Hl Mgy + 41 flla Ty as.

Then, by applying the induction hypothesis, and thanks to a by-product (44) of Lemma

C.5, the inequality above leads to
LISl P (@)

o)

(7 = 10) 102

< = m(n) 10y

It is thus sufficient to verify that

() = ma(h)) 10y, = © (%ﬁ) . (46)

By the fact that 15817y >n = 1n, we have the following equality:

(1) =) g = (10 Pty = 1) 1y

_ ()
ya (1)

Then, by the definition of the event Q],:] , we have

(1N D1egzn = 1(D) 10y

1
Y (1)

As a consequence, to prove that

2

(Yrjzv(f)erZrl - )’n(f)) Ign < m (y,iv(f)lmz,, - y,,(f)) 1oy, as.

(lez\l(f)erZrz - }’n(f)) 1oy = Ope ( ! ),

va'(1) VN
e ()
Mn N 1
— vy (D1ysn — n(l)lNz(f)z( )
i) U Wtewen 1) 0y = 022 (75
One only needs to verify that
1
According to the bias-martingale decomposition (31), we have
1 (n+1)N n
o (Meyzn =1 =5 D5 G+ ) DY),
k=1 p=1
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whence

N (1 (P ezn = 1))

(n+1)N 2 n 2 (n+DN .
=$( 2 U] N ZD;XM) #205 BD 05D,
=1 p=1 =1 p=1

By definition, we have

[P, = 010 = @) (Qpn() [ Gp-1) = 1p1(Gp)| e
<2 flle |’(’7[]>]_1(Gp—1)1erp—1 - Up—l(Gp—l)) 1oy >p-1 .
By applying the induction hypothesis, one obtains
N =0 1
Dp,n(f) = VL2 \/N >
which gives
“ 1
DY, (f) = Op ( )
pon )
2 W~
and, by Cauchy-Schwartz inequality,
ZDﬁnm) -0y, (ﬁ) |
p=1
Meanwhile, since (U,ﬁv (f )) is a martingale difference array, we have
1<k <(n+1)N
. (n+1)N 2 | (TN
N _ L N(py2 2
~E ( kz BN =% ;J E[UY(f)] === o, () < +eo,

where the convergence is a by-product (39) of the proof of Theorem 2.2 and dominated
convergence theorem. Hence, we obtain

(n+1)N

> U =05 (VN).

k=1

In summary, we have

NE|[pY (D1eyzn = va(Ff

(n+1)N (n+1)N n n 2
:% > E[UN(]+2E|| D UM ZDﬁn(f)| + 2NE ZDg{n(f)) ,
k=0 k=0 p=1 p=1
0u(N)  ou(%k) | L ou(d)
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which, thanks to Cauchy-Schwartz inequality, leads to

1
(P asn — 1Pl = O (Tﬁ) | 48)

This ends the verification of (47) and the proof of this proposition.

Proposition C.5 (L?-propagation of chaos). For any test function f, g € By(E,), we have

)2 (f ® ey sn — 12 (f ® ) = Oy (vlﬁ) '

Proof. Before starting the proof, let us mention that by Minkowski’s inequality, for two
random variables X and Y, one has

1 1 1
X=Oz and Y=Oz $X+Y=Oz .
- («/N) L( N) - (VN)

Notice that
) fOD ensn=n52(f99) = (IS ©® 9) = 132(F © 9)) ey sn 15O (1~ Loy 5.

Thanks to Proposition C.4 and Lemma C.5, one derives

E|In2(f ® (1 = Loy =) | < 1f 1l 9l B [1 = Leyon] < If 1l lglles Pz < ),
|

which implies that

’7?2(f ®g)(1 - ITNZn) = O[L,Z (\;N) .

Next, considering the decomposition (2), we deduce that

N
((f?fl’)“(f ®9g) -1y (f ®g)) loven =7 ((nnN)®2(f ®9) -1 (f® g)) Loyon
1 N
+ 2 (1 (F9) + 1a(10(9)) ey 2.
Concerning the term at the right-hand side of the equality above, we noticed that

2

< v Iflle 9l -

Hﬁ (G + 1) 1n| < 57

In addition, since

() ©9) = 1 (f ®9)) Tryan
= (0 1Y @) = 10(@)] + 1(9) [0 (1) = 1] ) Leyc2m
<2 (Il v llglle) ([ F) = 1A V (1 @) = 1 @)]) Leyzns s
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it is then sufficient to verify that

Vf € Bp(En), (’le:j(f) - Un(f)) 1ry>n = Ope (\/IN) . (49)

which is guaranteed by Proposition C.4 since
(1) = 1) tewzn = (1Y (Dleyzn = 10()) Leyzn: as.
The proof is then finished. o

Proposition C.6 (Biasedness). For any test function f € By(E,), we have

E [n]r:](f)ITNZn - Un(f)] =0 (%) .
In particular, we also have
E [/ (A loyan - 1n(f)] = O (%) |

Remark. Different from the other technical results, the order of the bias given in this
proposition will not be used to prove the consistency of the variance estimator. They are
put in this section simply because we think the order of bias is important but not as rele-
vant in the present work, where the most results we discussed are “short term” asymptotic
properties of the IPS. In addition, we want to mention that by the same strategy, one can
obtain an explicit bound w.r.t. both n and N for the bias. The main difference from the
classic Feynman-Kac particle models discussed in [DMO04] is the “lack-of-martingale” or,
said differently, the bias-martingale structure (cf. (31)). As a consequence, the decay rate
of the absorbing time is not exponential w.r.t. N any more. Instead, it is replace by O(1/
N), as stated in Lemma C.5. This is why the order of bias w.r.t. N is not affected. The
“lack-of-martingale” structure also requires an induction in order to deal with the bias
term encountered in the bias-martingale decomposition (31). This technique is frequently
used in the adaptive SMC context (cf. [DG19](Chapter 2)).

Proof. The proof is done by induction. Thanks to a by-product (42) of Lemma C.4, we
have

E [ (e s0 — 10(f)] = 0 (%) |

For step n > 1, we suppose that

1
Vq) € Bb(En—l)’ E [Ujr:j_l((p)erZn—l - Un—l(f)] =0 (ﬁ) .
By the bias-martingale decomposition (31), it gives
N 1
V¢ € Bb(En)’ E [Yn ((p)erZn—l - Yn(f)] =0 N . (50)
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Next, standard calculations give

() Yn(f)) .

N — =
() =10 1002 = (255 - 28

Y]r\z]((l)) (1 () = ¥n () T
with
= =5 = i)
Remark that, by definition,
Yn (fn) =0.

Then, by applying Lemma C.5, we noticed that

E| (0 (A Lowzn = 1a(F) = (1) = 1a(F)) Loy

= [(1 (eezn = 10() (1= Tezn)|

<2|IflloP(zy <n) =0 (%) .

Mutatis mutandis, one also has

B[ (A an = 10) = (170 1) 10w =0 ().

Therefore, considering the induction hypothesis (50), we only have to show that

(;/j’\lf—((ll)) - 1) (lez\l (fn) ~—VYn (fn)) 1:y>n
f (51)
_ Y;iv(l)erZn — yn(1) _ 1
- ( e ) (1 ) Bz = o)) T = O (N) '

Recall that the event QY ¢ Q is defined by

(1)
QnN = {)41\7(1)11'1\]>n > }/nz ’
and we have 1oy < 1gyzp < 21(QN) +1gn. Notice that, by Lemma C.5 and the definition
of f,,, one has

Yn(1)
(yr’f(l) B 1) (Yflwv (fn) = ¥n (fn)) 1oy

< |’711y(f)1m2n - Un(f)| 1(93])“ + ’)’é\[ (fn) loy2n = ¥ (fn)| 1(91,;1)0 (52)
1

<41l 1oy = O (ﬁ) .

In addition, by definition of Q¥, one gets

Yo (D1ey>n
_( NG
|Yn (l)er>n Yn(1)| |Yn (fn)er>n Yn (fn)|

)_ )/n(l)) (Yrjz\] (fn) erZn —Yn (fn)) IQI,}’

(1)
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Thus, thanks to a by-product (48) in the proof of Proposition C.4, we obtain
( ya()
ya' (1)

Finally, combining both (52) and (53) terminates the verification of (51), which also ends
the proof of Proposition C.6.

1

1) (Yr]zv (fn) ~—Yn (fn)) 1Q,’;’ =0 (N) . (53)

O

Before proceeding further, we recall and introduce some notation that is used fre-
quently in the following technical results. For N € N*, we denote

[NT] := {(i1,. ... 1q) € [N]? : Card{iy,....iq} = p}. (54)
In particular, we denote (N)? := [N ]g. We also write

(N)?)*? = (N)2x (N)? X --- x (N)?. (55)

q times

With a slight abuse of notation, we admit that

((1.)), k) = (i, j. k). and  ((i,)), (k, D)) = (i, . k, D).

}n+1

We also adopt the notation introduced in Section B.5. Fixing some b € {0, 1}"*", we denote

n—1 [2]
1 Cp
N = R {l_[ Gy (Xp)Ap (A", 4:2])} : (56)

a2 ey (=0

with the convention

1
PN S V) ——
o 1ol N(N -1)

It is readily checked that

! 2
AP = Y BRI IGE  (Xae) Ay (AY 6

n-1>"n-1/"

&2 Ny
This allows an alternative representation of I“j’i,:

/2]
VF e By(EL), Trj(F)= > AGIANC,, (F)OG™), (57)
O e(Ny?

which covers the case n = 0. Similarly, we also denote

n-1 21

bl _ 1 &hbp 2] @) 4lpr1 l2]

N e T > { Gy " (U1 B Xp) Ay (A £ )}, (58)
g|2] E((N)z)xn p=0

0:n—1
with the convention

~t.by 2 1
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We also have the decomposition

x R4 ,bn-
A];l,b[dlz]] — Z Al‘l_l[g[Z] ]GT 1(£
&2 Ny

n 17 n— I)A(Q)l(A [] (59)

n-1:n’ nl’nl

As is shown in the previous case (57), Tﬂl:rf n admits the following alternative representa-
tion: "
=h.b ~i,by 2 I
VF e By(E), TIR(E)= . RPANFX"), (60)
A e(nye
which covers the case n = 0.

11 we have

Proposition C.7. For any coalescence indicator b € {0, 1
TEr (Dlryzn = Op2(1).
In particular, for any test function F € By,(E%), we also have

L5 (F)Lrysn = Opa(1).

Proof. The proof is done by induction. For the step n = 0, it is clear since *I'’ on(D) =1
For step n > 1, we suppose that

sup E | I’ 1N(1) 1oyon- 1] < +oo.
N>0

By the alternative representation (57), for all N > 4, we have

[Fi b(l) 1TN>n 911 1
£.b Loy
- Z Afl—1[ZEIZL]AEZME]JITNZ"*
(e[nZ]l Z,I[Z]I)E((N)Z)XZ (61)
) I SN o 0 LV G L P LAV KN Y K B

(@20 e(Ny2y<

since the definition of Gfl_l gives

2
Bl D) Gl a2 (A, 208 ) | N 1egen = 0.
@2, e((nyy<

In order to simplify the notation, we may omit 1., >,-1, which is 92’_1—measurable, in the
rest of the proof Before proceeding, we recall the conditional distribution of the selection

step. Given GN  we have

n-1°

. . . N Gui(XE
Vi € [N], A’n_l~Gn_l(X,i_l)fSi(-)+(1—Gn_l(X,i_l))Z X)) Sk (*).

k=1 Nm(Xn—l )(Gn—l)
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Hence, for any j € [N], we have

N
m(Xn-1)(Gno) Y P (Ahy = | GY4)
i=1

Gpa(X!_) (62)

N
=m(Xn—1)(Gn—l)Gn—l(Xf,_1) + Z(l - Gn—l(Xriz_l)) N

i=1
=G (X)) < 1. as.

With the notation introduced in (54) and (55), for N > 4, we have the decomposition
(N)>)? = ((N)?Y N [NT3) U ((N)?) 0 [NT5) U (N (63)

The rest of the proof consists in studying the term

t s 0By
El D, Gh(a® A A A2 D2 (A 2 | S,
@ E ey
with respect to the decomposition above and the bound given in (62).

(i) Case: (2 0%y € (N)2)** N [N]%:

In this case, there are only two distinct random variables in the tuple

(AZL Al Al Al )

n-1"""n-1"""n-1"""n-1

Due to the symmetry of the particles, we first calculate the number of choices to
assign two different random variables in the tuple above.

Ci/2 - 2/2 = 2. (64)
—— ——
possible choices to assign limitation by ((N)?)*2.

two distinct couples in (4)*.

More precisely, in this case, the two possible assignments are

o N N £ N/ N N
An—l - An—l’ An—l - An—l and An—l - An—l’ An—l - An—l'

[2]
Without loss of generality, we suppose that Afl”_ , are two distinct random variables,

with one of the two assignments above. Then, when 412] varies freely in (N)?, the
/(2
values of Ai"_ , will be a.s. determined by the chosen assignment and the value of

(2]
Afl"_ |- By the fact that /1’;_1 is indicator function, we have

In addition, since G,, varies on the interval [0, 1], we have

0 < mXy)(Gn) <1. a.s.
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Now, let us deduce that

t ot
Bl S Gh (a2, (A%, 42 0 a0 | g
L2 e(N)?

; g
<E| Y G (Ka)?2h (A 4 [ 5N

L ey
N \2
<|w—| E Xn-1)(Gn)*1 1 N
(N—l) Z[Z]Z( )Zm( D(Gn)® { - } {Af;il:bn—lzil_ﬁ(l—bnq)ﬂfl_l} In-1
n €(N
By the conditional independence between A , and An" 1> one deduces
E m(Xn-1)(Gn)*1 1 N
'Z (Xn-1)(Gn)? IR R N,
M e(Ny2 n n "
D) EmGanGaty 4 |9
de(ny { o ‘1}
E m(Xn 1)(Gn)1 9nN_1 (65)
{ —bn 141 +(1—bn,1)€§1_1}
< ), E{m(Xa1)(Gy )1{ ) N,
L e[N] =
E|mXn-1)(Gn)1| , Snal -
Combined to (62), one gets
t /A2 | oN 2, N
Z Gn_l(XH—I)A 1(An 1° n 1 9}1—1 S 1 X N— 1 a.s. (66)

A e(Ny

which gives
3 24b a2 o N N \°
Z Gn-](Xn—l) An_l(fqn_la gn—l) 971—1 S m . a.s. (67)
2 (N2

Considering the choices of assignments mentioned above, one finally gets

E > G122 (A% 021 )20 ale' (1) | gN

@2 e(nyen [N
N 2
<2X (N 1) . a.s.
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(i) Case: (A7, 171y € (N)2)** n [N]4:
In this case, there are three distinct random variables in the tuple

(A‘L Al Al Al )

n-1"""n-1"""n-1"""n-1

Similar to the previous case, we calculate the number of choices to assign three
different random variables in the tuple above.

(054 -~ 0 =4, (68)
—— S~——
possible choices to divise limitation by ((N)?)**.

(4)* into three distinct parts.

Let us fix one assignment. We suppose that 4,2] and (! are three distinct numbers.
’ ’2
Then, whilst (ZE], ¢,}) varies freely in (N)?, the Value of Ae" | isa.s. determined by the

[2]
chosen assignment and the values of (Ai A 1) Given N

independence between An " i . and A"

by the conditional

n-1°
i 1,one derives

E| 3 Gl (oA, (A% 62 28l 012 | 6
[GENAEINE

n-1 n-1

<E Z GIT;—1(XH—1)ZA 1(An 1’£[2]1)1{A/n1 =1 } 95—1
(2 he[Np

N 2
g5 B X GG SRS

n —Z 1
GNAEIME

=(m)z Z E |m(X;-1)(Gn- 1)1{ vy } 95—1

GSNASEINE

E [m(Xyp-1)(Gr-1)1 .
(Xn-1)(Gn-1) {Aff@l:bn_le;_l+<1—bn_1>€'i_1} i

/
1
n—1 Enfl

E |m(Xp-1)(Gn- 1)1{ } SN,

Again, combined with (62), one deduces

2
/[2] N
El Y Gl (a2 (Al 02 )00 Al (P | g S13X( )
(GRNAEINE

Considering the number of assignments, we obtain

+ ZIn[ZJ ’
E > G (A A A e | 8
@20 e(N)yenNTE
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(iii) Case: (/2 7121y e (NY*:

In this case, all the random variables

N
(A A A A )

n-1""n-1

are distinct. Similarly, by the conditional independence of A, and the bound given
in (62), one gets

o2 A
E| ). Gl XAy, B2y, ()| s

n—-1°>"n
GANADTEINT
N
n—1

N \? [ 2]
< ( ~ 1) D, E|mKanGa)' A (A, 0,
GARASEINT

n-1-‘n-1

N 2
= (m) Z EmXa-1)(Gn-0)1( o et
GARAEINT {A }

E |m(Xp_1)(Gn-1)1 N
(Xn-1)(Gn-1) {Aﬁzﬁlzbn-lfi,,l+(1—bn—1)€f,,1} n-1

N

E m(Xn—l)(Gn—l)l{Aﬁnll:Z,nll} Sn-1

N
02 9n—l

An_lzbn,le’nl_l+(1—bn,l)e’,f_l}

E m(Xn—l)(Gn—l)l {

A N \?
<1" X
N-1

Combining the three cases discussed above, we safely deduce that

t o aa
Bl ) Gh 0P A, Pl e | s
@20 e(nyy<

N \2

<(2+4+1)X . as.

. . \N-1
=7

Now, let us go back to (61), by taking expectation on both sides, we have, for N > 4,

N 2
E I‘::Jb\r(l)zerZn] <7 (m) E [rs’_l;,N(l)erNZn—l]
112 %
<2 [T (1 e | < oo

This closes the proof of Proposition C.7. ]
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Proposition C.8. For any coalescence indicator b € {0, 1}, we have
Ton (D1 zn = Ora(1).

In particular, for any test function F € By,(E%), we also have
T (F)leysn = Opi(1).

Remark. Before starting the proof of Proposition C.8, we would like to mention that the
techniques involved are similar but a little bit different from the ones in the proof of Propo-
sition C.7. First, G} is not nonnegative in general except for the case where G, is indicator
function for all n > 0. In addition, it is not obvious that

—

Ga! (e B Xa) Loy 2
is bounded almost surely. In fact, it is easy prove that it is a.s. upper bounded by 3. How-
ever, there is no obvious reason that this term is a.s. lower bounded. This leads to the fact
that
= 2
G (O By Xn)

n:n+1° loy>n

is not a.s. bounded in general, which is the main difficult part in the following technical
results. Hence, unlike the previous case shown in the proof of Proposition C.7, one should
be extremely careful where dealing with the bound associated to the term

S l2) @) glnr gl2]

G B, Xn)| Ay (A Oy )y on-

n:n+1’

Therefore, we introduce the following Lemma in order to facilitate the proof.

Lemma C.6. For any nonnegative real numbersa,b,c € R, if a < b,b > 0 andc > 0, then,

we have
a+tc

+

<

S Q
<
o

Proof. Direct calculation gives

atc a_ab+bc—ab-ac _ (b —a)c
b+c b b(b +c) T bb+c) T
The conclusion follows. O

Lemma C.7. For any ZLZ] and E[ﬂl € (N)?, we have

(X )M(Xn)(Gr) — m(Xa(G2))
Sk (1-Gu(X5)) /N

I 02
Bnn+1(1 - Bnn+1)m(xn)(Gn)

and ,
Gn(Xy")m(Xn)(Gn) — m(Xa(G2))

iz (1=Gu(XF)) /N

02 I
BnnJrl (1 - BnnJrl )m(Xn)(Gn)

are both well-defined on the event {ty > n}.
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Proof. By symmetry of the definition, we only show that
ZI
Gn(Xnn)m(Xn)(Gn) B m(Xn(Gi))
iz (1-Gn(XF)) /N
is always well-defined on the event {7y > n} with the convention (1). In fact, when

> (1-Gaxh) =0,

k0,

A 02
anrl (1 - anrl )m(Xn)(Gn)

L iy l;
we have 1 — G,(X,,"*') = 0 on the event {rny > n}. By definition of B,**', we have
62
1- B =0.
This implies that, on the event {rx > n}, we have

(X5 IM(Xn)(Gr) = m(Xn(G2))
Sree, (1= Ga(XD)) /N
G(Xe")M(Xy)(Gn) — m(Xa(G2))
Siers (1= Ga(XE) IN {Zkaey (1-Gax)>0f

0N 02
B, (1 - B, )m(Xn)(Gn)

A 02
:BnnJr1 (1 - BnnJr1 )m(Xn)(Gn)

The conclusion follows. O

Lemma C.8. For any EE] € (N)?, and for any coalescence indicator b’ € {0,1}"*! and
b, € {0, 1}, we have almost surely

~ , K[ZJ
SpB | 3 [Gr (0 B Xa | (A7 Dy | WY | < e
>1
lel

n+l

€[N]?

In particular, we have

~ o2l
G (02 B, Xa)| A (A BNy | W | < o0,

n:n+1’

sup E
N>1

o2

n+l1

E(N)?

Remark. We remark that in the definition of Ffif:, we do not need to investigate )LZ’ for a
different coalescence indicator b’ in general. The reason that b’ is not set to be (@) lies in
the fact that Lemma C.8 is applied in the proof of Lemma C.9.

Proof. When not mentioned, the calculations of the random variables is only valid on the
event {ry > n}. Recall that, given EE] € (N)?,

boAl 2]
An (Ann ’En ) = 1 01 1 02 ’
{A,l"“:e}l} {An"+1:b§1€}l+(1—b;,)£§1}

. =N
and given W, , one has

Ga(XF)

Nm(Xa) (G F

N
VOe[N], AL ~BLo()+(1-BE) )
k=1
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By definition, one has

LM (07) . Bo. Xo)| <BJ By m(X,)(G)

Gn(XEYM(Xa)(Gr) — m(Xa(G2
Szey (1= Gnl(X5)) /N

Gu(XyIM(Xn)(Gn) — m(Xn(G2

Yise (1= Gu(XF)) /N

o 72
+ Bnn+1(1 - Bnn+1)m(xn)(Gn)

02 A
+ Bnnﬂ(l - Bnnﬂ)m(xn)(Gn)

whence

GH1(e® B, Xy)

n:n+1°

o Vi & G
2Bnn+1(1 _ Bnn+1)m(xn)(Gn) N 2Bnn+1(1 — Bnn+1)m(xn)(Gn)

VA Vi
SB n+1B n+1m(X )(GZ) +
" " e Zkﬁ}l (1 - Gn Xr]f)) /N Zk;eefl (1 - Gn Xr]lc)) /N

1 2
Since Bfl" and Bf," are both {0, 1}-valued, we deduce that

’ ZIZ] —N
E Z n: n+1’ Bn, Xn) AZ (Ann+l’ ££12])17N >n Wn
faii€INT?
’ _ K \p2
<B ann€n+(l by)es, m(Xn)(Gi)er on

b’ 0L +(1-b),)¢2,

£, 260G I

4+ Bln 2(1 e -
= Zk;ﬁél 1- n(X )

TN >n

el
b0, +(1-b))2 €1+ 2GL(X,,™)
B wéat{ ntn Z (1 nn 1) e Ky TN 21
= Zk:#f%, 1- Gn(Xn)

By applying Lemma C.6 and considering the convention (1), we have

N
n

E
A2 [N

n+l1

bl +(1-b))02,

, Z[z] —
A (A 8N s [W

Bl’lv Xl’l)

n:n+1°
<BL'BY" "m(Xn)(Ga) ey n

bl 0L +(1-b), )2

Zl
26, (X, D4 1=GalG")

S, 1= Ga(XE)

+ Bl Z (1— B

EZ

n+1=

TN >N

TN =N

" 2
b0 +(1-b, ) Z (1-B ,M)ZGn(X )+ 1-Gu(X,")

+ B," " :
o Zkzl 1- Gn(Xn)

n+1=
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The simple fact 0 = B5(1 — BE) 1,y 50 < Go(X¥)(1 = Gu(X¥)1,, 5,) for any k € [N] yields

b Al 2] N
E An(An ’En )1TN2n W

n

By, Xn)

n:n+1’
5[2]

n+l1

€[N
£2 £}
< (Gal)G(X0") V Gu(X3)) m(Xa)(GE )Ty 2

7 pl 1
2G, (X ntnt 1=y L _ G, (i

T
Zk 11 n(Xrlg) N
A 2
ZGn(Xnn) +1- Gn(Xnn)
S 1= Ga(XF)

bl 0L +(1-b1,)e

>n

N
+Gu(Xe7) Z (1= Ga(X,")

ZZ

n+l=

N
bl 0L +(1-b7, )02 o
+ Gyt 0n Z (1= Ga(X,™))

el

n+1=

= (Ga (X" Im(Xa)(GE) + 4G (X, )Ga (X,

TN =n

")+2) wen < 7. as.

By definition, since

n+19 Bn’ XII) G (XII) + n+1’ Bn’ XII) ’

the analysis for the case b, = 0 is the combination of the case b,, = 1 and the similar rea-
soning in (65), namely, a direct consequence of (62). This terminates the proof of Lemma
C.8.

O

Lemma C.9. For any 412] € (N)? and for any coalescence indicator b € {0,1}"*!, we have
almost surely

Ve, €Nl swpE| Y |G e BuXa)| 1o Tosa [ WY | < e, (69)

N n+1 fl -
R W
as well as
[ bn [Z] N
Vi €INL supE| Grt (O B X 1z T [ W] < oo,

€[N]

n+1

Proof. By symmetry of the definition of Gi’b" (ELZ]H +1> Bn, Xn), it suffices to verify (69). In
fact, by simple observation, one has

N

1 x =1 1 . <1 Zlez . a.s.
Ann+1:e}1 Ann+l:Z}1 Ann+1:£1n Ann+l:€1 Zz 4 Ann+1 :ell

n+1

Therefore, one only needs to show that

sup E Z

N>1
[2]
en+1 [ ]2

A(H)(A n+1 62])1TN>H WN < 400,

n

GT bn(g

By, Xn)

n:n+1°

which, by taking b’ = (n), is guaranteed by Lemma C.8. This terminates the proof of
Lemma C.9. O
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Proof of Proposition C.8. Now, we start the proof by induction. It is trivial for the step
n=0asI " o.n(1) = 1. For step n > 1, we suppose that

sup E [I’T b N(l) 1y on- 1] < 4o0.
N>0
By the alternative representation (60), for all N > 4, we have

WN

n-1

—~u 2
E [r,;;fz]u) Loyon
b by
= > AR ey
(UL L) ey

(70)
E Z GT bn 1(€n 1:n° n 1, n— I)GT bn l(gr?]] :n’ 1‘1 lexl’l—l)
(Ol F ey
) 2 12] \4(@
KA B2 ) ||
since by definition of GT b" !, one has
E Z GT bn- 1(£n 1:n° Il 1, n— I)GT bn- I(ErEZ]l n’ n 1,Xn—1)
GRNASEONDL
(@) (An 1’ [2] )A(@ (An 1, } enen1 = 0.

As we have mentioned several times, in the following part of the proof, we omit the no-
tation 1, >,—1. Similar as in the proof of Proposition C.7, the rest of the reasoning relies
on the decomposition (63).

. ’ 2
(i) Case: (2 0%y € (N)2)** N [N]%:
In this case, there are only two distinct random variables in the tuple

2 4 /2
(AZ}I Al Al Al )

n-1"""n-1"""n-1"""n-1

As we have already mentioned in (64), there are 2 possible assignments such that

we can fix two distinct random variables within the tuple above. Without loss of
1 '1

generality, we suppose that Ag” and AZ" are two distinct random variables, and

we fix one of these two a551gnments Then when (¢, £'1) varies freely in (N)?, the

n’n

values of An"_ , and An"_1 will be a.s. determined by the chosen assignment and the
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/1

2! 4
values of A" and A" |

Bn-1, Xn- 1)(}T bn- 1(6,[211 n’ Bn- 1,Xn—1)

n-1:n’

E Z GT bn 1(£
@20 e(Ny2yen[NE

@) (A0 2] (@) '[2]
A2, A A2 ) | )
(71)
=E Z alll’_bf l(gn 1:n° 1‘1 17Xn—1)61-1’_b1n I(Zn 1:n° n laXn—l)
(0.0 e(N)?
(%) 2 %) 2
( )(An 1’ [] ))L( )(An 1° n[]l Wn—l]

1 '1
Given Wn 1» by the conditional independence of Afl”_ , and Ai"_ , under the chosen

assignment, we have

t,bn- t,bn_
E| > GH @ Bt Xa)GL (0 Bat, Xn )
(L) E(NY

2 2 ) 2
A )(An 1 [] A( )1(An 1 n[]1 Wn—l}
(72)
Atabno1pl2] o
<E Z n-1 1(gn 1:n° Bn- 1’Xn—1)|1{Aé}1 2517} n-1
_é}le[N] n-1""n-1
v bn —N
E /Z I(En 1:n° Bp-1, Xn- 1) {A” —Z’l } Wn—l
| £ €[N]
Then, by applying Lemma C.9, one gets
E| > GHr (@ Bt X )G (0 Ba1, Xa )
(6.0 e(N)?
A(@)l(An 1’5[211)1(@)1(14” 1,6[211) } — Oa.s.(l)-

Since the number of different assignments 2 does not depend on N, one deduces that

by b
E Z GT 1(671 1:n° 11 19 n-— I)GT 1(6,1 1:n° n 1, Xn—l)
(@20 e(Ny2yen[NTS

2 2
A'(@)l (An 1’ f[ ]I)A(Q)l(An 1 E . ]1)

Wi\[—l} = Oa.s.(1)~
(i) Case: (7, 1)) e (N)2)** n [N]4:
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In this case, there are three distinct random variables in the tuple

(AZL Al Aln Al )

n-1"""n-1"""n-1"""n-1

As is calculated in (68), the number of assignment is 4 at this time. Let us fix one
assignment. We suppose that Ai[’f_] , and Ai/"l_ , are three distinct random variables.
Then, whilst (¢, (1) varies freely in (N )3 the value of Ae,"2 is a.s. determined by the
Al l) Given W

chosen assignment and the values of (A by the conditional

n 1’ n-1»
independence between An LA Z 1and An 1> one derives
E Z GT bn- 1(£n 1:n° 11 l’ n-— 1)GT - l(gn 1:n° n lan—l)
@ e(NyRyen [N
—N
)L(Q)l(An 1’€[211)A(®)1(An 1’6[2]1) Wn—l]

=E Z GT b" l(gn 1:n° n 17Xn l)GT - l(grEZ]l :n’ n 17Xn—1)
GRNAEINE

@ 2 o) A 21y | aeN
A A ) |
f bn N
<E Z |G 1 ElZ]ltn’Bn_l’X - A(Q)l(An 1’6[2 1) Wn—l
L e(ny2
—N
E /Z n— l(gn 1:n° n la n— 1)| n :(’nl_l} Wn—l .
£, €[N]

(73)
Thanks to Lemma C.8 and Lemma C.9, we get

Bpn-1, Xn- I)C'T bn- 1(£,£2]1 n’ Bn- 1,Xn—1)

n-1:n’

E Z GT bn 1 (E
(AN

(@) [ 205
pis 1(A

n-1°

2 2
g[ ] )A(@)l(A f[ ]1)

n-1°

ij—l} = Oa.s.(1)~

Again, since the number of the different assignments 4 does not depend on N, we
obtain

E
@20 e(Ny2yen [N

v bn At.bn-
I(BLZ]ln’ n laXn—l)Gl_1 l(gn 1:n° n laXn—1)|

[2] )A(Q)) (A [2]

nl’

29 (Al o

nl’

n—1:| = Oa.s.(l)-
(74)
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(iii) Case: (/2 7121y e (NY*:
In this case, all the random variables

N AN A N &
(An—l’An—l’An—l’An—l)

are distinct. This time, Lemma C.8 gives directly

E Z ' b" 1(6512]1 n’ n I’XII 1)GT b” 1(6752]1 n’ n— l’Xn_l)
@20 ey

2@ (A% 21 @ g }
(75)
SE Z ‘GT bn 1 n 1na n 17 n— 1) A(Q)l(An 1° g[zll)
5[2]
E| 3 [Ga (@2, B X[ A2, (0 €2 W | = 0,0
L0 N
Combining the three cases above, we finally obtain
sup E Z GT bn- 1(€n 1:n° Bn-1, Xn- I)G' bn- l(gn 1:n° Bn-1,Xn-1)
N>0 2 /2]
(L) E((N)?)*
A9 a2 3@ i Ry LN | g,

Returning to (70) and induction hypothesis, the verification of step n is then finished, so
as the proof of Proposition C.8.

o
Proposition C.9. For any test function F € B,(E%), we have
[ N(F)17N>n 9N Fi bl NQ bn- lcb (F)17N>n 1-
Proof. First, by the alternative representation we have introduced in (57), we have
BTk (P ey | 93]
b
Z Ai_l[gizll]ln\/ >n-1
(G )eNy? (76)
3 GE a4 02 )y, (Y | S,
ey
Thus, it suffices to show that
3 G KA (A 02 )Ch, (FYXE™) | S| Loy s
Z[Z] e(N)2 (77)

=Q-t1cy, (F)(X >1TN>,1 .-
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Alghough it may seem unnecessary, we recall that we have almost surely

N-1 g2
TG;tl_1 (Xn—l) =Bn”_13n"_1m(Xn_1)(Gn_1)2

0, 02 2
+ Bn_1(1 - Bn_l)m(xnfl)(anl)
VZi /1
+B",(1-B " )m(Xn-1)(Gn-1)*
/1 02
+(1-B," )1 -B," )m(Xn-1)(Gn-1)*.

. =N
Given W,,_,,

for any ¢ € [N], the definition of the Feynman-Kac IPS gives

N 14 . k 44
, Sk (dA],_)On(X;_;, dXy)
Al X ~ BE_ Su(dAL_Ma(XE_,, dXE)+(1-B_ L i
( 1 n) -1 o( n 1) ( n—1 n) ( n 1); Nm(Xu-1)(Gn_1)

. (78)

(i) Case b,_; =0:
Notice that
N-1

o N kv
—E| D) GiXa-A (A a2 )c, ()X | W

N
n—1
P e(Ny?

e;—l efl—l ®2 ®2 \1,®2 E[nZlI
=B, B, m™ (Xo-1)(G, 2 )M, "Cy, (F)(X,";

1 o 72 . . o2

+ B D (= B m(Xat)(Gat)(My ® Qu)Co, (F)X,
o0

1 2 o o . M

+ B D (= B m(Xat)(Ga1)(Qn ® Ma)Co, (F)X,

1 2
b+l |

1 a2 02 o 2[21
t47 D, (U=B)A =B )OPCh, (F)X,5).
ey

which yields

: o2 s
E| >, Gh,(Xa-0)A) (A, 6 )Ch, (FYXy") | W,
ey
N . /2]
mew(xn—l)(GﬁZI)Q?Z@n (F)(X,m}
EZ . o Z[z]
> (1= Gua (X Im(Xat)(Gut)(Qn ® Qu)Co, (UK, (9
IZE T

+

N-1

1 o . [2]

D (1= Gua (X MK 1)(Gro1)(Qn ® Qn)Coy, (FX,
0,0

! z AN ol
ta D 2 (1 Gr (X = Gaa (X )I0FC, (I,
ey

+

N-1

First, by decomposition (2), we noticed that

M X )G = (m”(xnxc;?_zl) +

N m(xn_l)(Gi_o-) (80)

76



Then, we deduce that

1 02
7 2, (1= G (X ))m(Xaa)(Gan)
2
N

:mepz(Xn_l)(Gn_l ® (1 -Gp-1))

- (1= G I 1))
=m®*(Xn-1)(Gn-1 ® (1 = Gp-1)) (81)

1 - 811—1 k k
*NNCD kZ (Gr106) = Gt (X)) G (XK
=m*(Xn-1)(Gn-1 ® (1 = Gu-1))

+ o (Gua (MK 1) Got) = MK 1)Gy)

1
N-1
The exactly same manipulations also give

ﬁ Z (1 _G”—I(Xﬁ}il))m(xn—l)(Gn—l)

O 0%,
:mez(xn—l)(Gn—l ® (1 - Gn—l)) (82)
4 (Gua (MK 1) Got) = MK 1)(G )

Now, let us put (80), (81) and (82) back into (79). One derives

i 2
E| D) Gh (Xa0Ahy(ay, 82)C,, (F)OG) | WN.,
A ey

:{ mQZ(Xn—l)(Gf_zl)Q.S’z + mGZ(Xn_1)(Gn_1 ® (1 - Gn—l))Qn ® Q°n

+m% (X 1)(Gnt ® (1= Gua))0n ® O +m*(Xar)(1 - Gn_1>®2>éfz} "

+

T [m(Xn_o(Gn_l) ((Gn-1 % 0n) @ O + 00 ® (Gt % O

. . o o . [2]
+ m(Xn—l)(Gi—l) ( S’Z - Qn ® Qn - Qn ® Qn) }}(Cb"(F))(Xi’lll ,

which, by definition, turns out to be the following equality:

i 2
El Y Gh,Ka0d (AT, 42 )Ch, (XY [ W | 1oy 0ms
ANy (84)

= Q¢+ -5 (cy, (F)) (X'
n N-1 n bn n-1/°
(ii) Case b,,_; = 1:
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By the similar calculations done in the previous case, one has

SR Y G (A ey, (O | W
ANy
=0
2 S (1= B m(Xae )G ) (W © 0u)Ch (FYXCY
Zzﬂl
23 (1= B m(Xae)(Gaet)( O © Ma)Co (FYXY
el #0
11)
>, (=B =B )0 Ch, (P,
eme(N)z
which yields

3G Kaa 2L (A 2 )y, (PO | W
O e(N)?
=0

2 . o 2]
= Y (1= Gt (X, )I(Xa-)(Ga-1)Cr (On ® O Co, (PO,

Lesa (85)

e S (1= G (X K )G 1 )C (O @ G0) € (I

el #00

P E—— 2
N(N— )K[Z]Z(;V)z(l — Gt (X2 )1 = Gy (XL )CLOP°C, (F)(Xn

Then, taking into account the equality (81), one obtains a similar equation as (83):

={

+ Mm% (Xa-1)(Gpot ® (1 = G-))Cr (O ® On) + MmO (X 1)((1 - Gn_1>®2>c1é§’2]

- mQZ(Xn 1)(G®21)C1Q

i o2
D Gh KAy 1 )C, ()X ) | WAL | ey 2
ey

O (X 1)GE2)C1OF + M (Xn-1)(Gno1 ® (1= Gp-1))C1 (On ® O

+ Nl_ 1 [m(xn—l)(Gn—l)Cl ((Gn—l X Qn) ® Qon + Qorl ® (Gn—l X Qn))

— m(Xa1)(Giy)C1 (On ® O+ 0n © G0 ]}(cb (PO ey
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By definition, we finally obtain that on the event {rxy > n — 1},

+ o2
3 Gl Kac) Al (AL )y, (XX
ey

_ 1 @2 X G®2 C ® C F Xégj_l (87)
=1Q; - Xn-1)(G 2 ) ey =n-1 1Q N— (Cp, (F)) (X,
f.1 5T 0
=1Q, + mQﬁ (Co, (F)) (X,
Combining the two cases, we conclude that we have proved that
S GE L Xa Al (A% A8 ey, (BYXE) | WY | 1oy

b o2
:Qfl’ " (Cbn(F)) (aniil)lfNZn—l- a.s.
In addition, since
QL1 (Cy, (F)) (X )1TN>n !

is Sg_l-measurable, the verification of (77) is then finished, so as the proof of Proposition
C.9. O

Proposition C.10. For any test function F € By,(E%), we have

[FT b (F)ITN>n

WAL | =T QL o (Yo,
Proof. By combining Proposition C.9 and the fact that

Gy (! Bat, XA <A s

n-1:n’ nl’

o2l
(Gi(gglz 1:n° Il l’Xn—l) - E[Z]

n-1°

GT 1(6[2] n 1, Xn—l) A(Q)l (A

n-1:n’ 1) a.s.

N -

it suffices to check the case b,—; = 1. Similar as in the proof of Proposition C.9, we consider
the alternative representation (60), which gives

B [T 8 (P L eyen | W]

Z AT b Z[Z] rNZn—l
w‘,fll)e(mz (89)

E| S G, Bat Xa AP A 02 )y, (YO | W
Z[Z]G(N)Z

Thus, it suffices to show that

E| 3 G0, Bay XA, (A0 42 )0, (PO ) | WY | Lo
g[z] e(N)2 (90)

=Q-'cy <F><x )1TN>n .-
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We omit the notation 1, >,-1 in the rest of the proof. Recall that

nla nl)

aT,ll (6[2]

n-1:n’
Bn 17 n- 1m(Xn 1)(G 1)

Béh 1 _Béi X, 1) (G Gn- l(X )m(Xn 1)(Gn 1) - m(Xn 1)(Gn 1)
+ n—l( n_l)m( 1)( 1) Zk#é[ i 1(Xn_1)

n 1(X )m(Xn 1)(Gn 1)_m(Xn 1)(Gn 1)
Zkiéfl n— 1(Xn 1)

02 /1
+ Bnn_l(l - Bnn_l)m(xn—l)(Gn—l)

Hence, with the definition (78), standard calculation gives

N
E Z GT I(E[Z] n I’Xn 1)/1(®)1(An 12 %n— 1) n—-1

n-1:n’

le]e(N)Z

{B n- lB " (X1 )(G2_ IME?

) n 1(X )m(Xn 1)(Gn 1) m(Xn 1)(Gn 1) n®]\;1n

Z (1_ n-1
gz igl Zk;&él (1 - n I(Xn 1))
B o 1 1— n I(Xn )m(Xn 1)(Gn 1) m(Xn 1)(Gn 1) n ®Mn
31;[; ( n 1) Zk¢£2 (1_ n— 1(Xn 1))
/21
}cbnw)(x,;:;
whence
E| DGR Bur XaA 2, A0 02 ) [ W
MPe(Ny2
= {m(xn—l)(Gi—l)Q.r?z
+ (Gaa (X6 IM(Xi 1) (G r) = (X 1)(GE1)) On ® O
+ (Gas O MK 1)(G1) = (X 1)GEy)) O © O
[2]
}Cbnw)(Xi':f
which yields

n-1:n’

E| 3 GH, Bay Xae A2 (AL ) WY | 1y
M e(Ny2

:{m<xn_1>(Gn_1> ((Gn-1 % 0n) ® O + 00 @ (G-t % 0
+ m(Xn—l)(Gi—l) ( .r?z - Qn ® Qon - én ® Qn) }Cbn(F)(Xﬁ[r?_ll)erZn—l-

80



By definition, this gives the desired equality (90).
O

Lemma C.10. For any test function F € By,(E%) and any coalescent indicator b € {0, 1}"*1,

we have
b b b 1
Tt (F)leyzn — T4 QY01 (F)loyzno1 = Ops (—)

VN

Proof. Thanks to Cauchy-Schwartz inequality and Proposition C.9, it suffices to verify
that

1
[F1L (F)Z rN>n 1—‘ibNQi obn- 1C (F) TN 2n— 1] = O(N)

Next, thanks to the alternative representation (57), one derives that
[ri b (F) 1TN>n 9

_ £.b gl2] 1ab [/12]
= > AR AR 0P
@201y e((Ny2)<2

E Z 1(Xn 1)2)Lb 1(A
@ e((nyzpe

LR (A% e, (B X gy

n-1° n-1°

To simplify the notation, we denote

' AL

Ri(N) = > E | AL IAAL 110, (206", X, ) ‘ 95_1] E

(@21 e((n)zpe\ (N
and

Ry(N) := > E [Af;b[e%]] by I,Y_l}

@21 e((n)zp<e\ (N
+ / K;m
E [A;’b[grEZ]]Cbn(F)(Xn ) ‘ 91;:[_1] ITNZrla

as well as

Ry(N) = E[Ai’bw&”] b

@20 e(Ny2y<

3

+ ’ Z’[Z]
E [A;,'b[é,EZJ]cbn(F)(xn" ) ’ SN] Tryon

/
2]

Thanks to the conditional independence between A and A ", given GN ., we have

n-1°

R3(N) — Rz(N)

- Y E [Ai’bw&f]]cb,xF)(xﬁ'"“) ‘ 95_1] E [Ai’b[e’F]Jcb,,(F)(xﬁ;'% ‘ 9N] Lo

@2 e(Ny

' AL
= ) E[Ai’b[EEE]]A%”wF]]cbn(F>®2<xn X )‘95_1] Lexzn,

@2, e(Ny
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whence we deduce that

BT (P) Toyen

971 1] Ri(N) = Ry(N) + R3(N). a.s.

In addition, since one of the by-product (88) in the proof of Proposition C.9 yields

- AL
(Qi e (p)) ™ i x)

- Y efoiea et e, e s

(@2 e((Ny)y<

E |G (Xp1)AE 1<An Py, (P )‘9 ]
@ e(Ny2)<

s
= ) E[G§_1<xn_1>a LA e, (FX )‘95_1]
@20 e(Ny2ye

E [Gi_1<xn_1>)t LA e, (R ‘ gN. ] ,
one has
Ry(N) =T¥h L Qbbricy, (F) 1oyono,  as.

which guarantees that

E[Rs(N)] = E [T} Q" Co, (F) Tryonnt |

Therefore, it suffices to verify that

E[Rl(N)]z(f)(%) and E[RZ(N)]:O(%). (92)

Together, we prove both of the two convergence above by induction, as the proofs share
the same mechanism. Without loss of generality, we suppose that F = 1. For n = 0,
standard calculations give

Ri(N) = Ry(N) = % =0 (%) .

For n > 1, we suppose that

b b, 1
E Z A}z—l[6511]/\;_1[5,53]1]%1\;@—1 =0 (—) .
(CRREAR YDy

Now, it is time to go back to the decomposition (63). As is mentioned for many times, we
may omit the notation 1, >p,-1.

. ’ 2
(i) Case: (2 0%y € (N)2)** N [N]%:
As we have seen in the proof of Proposition C.7, there are 2 different assignments

’

o s 23 02 02 23 s
A=Az, AL =A and A =ALL AL = AL
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such that two distinct random variables can be found in

N AN A N &
(An—l’An—l’An—l’An—l)

Let us fix one assignment. This time, in order to execute a finer analys1s we suppose
that ¢ and /! vary freely in (N)? and the Values of A " , and A ', will be almost

surely determined by the values of An"_ , and An"_ ;- Since the potential function G;L1
and indicator functions are both nonnegative, we extend (N)? to [N]?, which gives
the following inequality:

i
E Z G;l:l—l (Xn—l)z/lfz—l(An—l’ gglzll)}’ I(An 1 f e 1) 9
_w;,e;l)e(N)z

<E| > Gl (XA (A 21y N (93)
_zl €[N]

* b [2] N
E Z G I(Xn 1)/1 1(An 1’ - 971—1 1{#{Zn 1€n 1zn 1’ n 1<4}}
_Z Le[N]

Now, we explain why there is an indicator function

Y e 01 02 <a)}

n-1""n-1""n-1’ nl

at the r.h.s. above. For the case b,_; = 0, one has

A 5[2] pL A 1, Y.
1( 1) 1( An = 9&53,71:1462'11} {Ai’illzﬁ;Ll#Zz —A"Z}

n

n-1° n-1°

E[Z])—l
&

Hence, since (EE,Z], E,,EZ]) € ((N)?)*2\(N)*, we have

51 ’2

g oy G O 1}_#{Ann1l’An 1> An An 1S #0000, 07} < 4.

n—1° n—1° n>‘*n*‘n-

At the same time, when bn_l = 1, one has

1(A eml)a 1(A

n-1° n-1° ’

An 41 AZ%L 02 1 Aé,nl =¢'1 _Ae/nz g’z :
- - n—l;t n-1 n-1""n-1" n—l;t n-1

n

6[2])—1
{4

Since £} # ¢2 and /! # (%, we have
Ji,je{1,2), st O =01

In no matter which case mentioned above, it is necessary that Kll_l = E’nl_l. Therefore,
one also gets
1 '1
#{En—l’ n-1° E

n-1°

(%) <4

The arguments above will be applied repeatedly in the rest of the proof. Next, by
the same procedure in the proof of Proposition C.7, we obtain

E Z Gfl—l()(ll—l)z/1 1(An 1’ 1)/1rb1 I(An 1° n 1) n— 1
(@20 e(Ny2yen[NTS
< Cl x 1{#{6" 1° n 1° Enl 1’ n 1<4}}
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where C; denotes positive constant which does not depend on N. Meanwhile, by
the same procedure, we also have

Z l 1(An II’K[Z]I)

@20 (NN

gN. ] Gi_,(Xp-1)?

[)L” 1(A

] < Gy x 1{#{K 4 <4}

’
n-1 nlnlnlnl

where CJ is also a positive constant which does not depend on N.

. ’ 2

(i) Case: (A7, /171y € (N)2)** N [N]4:
Again, similart in the proof of Proposition C.7, there are 4 different assignments
such that there are 3 distinct random variables within

I
(An—l’ An—l’ An—l’ An—l) .
Let us fix one assignment. As is done in the previous case, to conduct a finer study,
we suppose that (6&12], (1) vary freely in (N)* and the values of AZ"Z ", will be almost
J ’
surely determined by the choice of assignment and the values of An , and Ai'i .
This time, by extending (N)* to (N)? U [N], we get
(2]
E| Y Gi,(Xaa)Ah Ay, )
(Lh,l3)e(N)
2] 2t 0 | oN
1(An 1’6 1)Cbn(F) (Xn ’Xn ) 9n—1
i b4l l2] B eN (94)
<E| > Gh L (Xa-)2i (A, 88 )Ch, (FYOG") | SN

L2 e(ny2

E| > Gi,(Xa-0)A LA e, x| g
| 0Le[N]

Lo 07 <ay)

n-1° nl n-1""n-1

Again, by similar argument given in the proof of Proposition C.7, we get

x L
E D GE_ (aca AL (A 02 )20 Al 012 | g
@2 e(N2penNE
<C2X1{#{£ @1 ZZ <4}}7

n-1° nl n-1""n-1

and

[2] L
IR PR [

@2, e((N)2yen(NE

9 <C,X1{#{£ el ZZ <4}}9

n-1’ nl n-1""n-1

[ I(An 1’E[Z]l)

where C, and C; are positive constant which does not depend on N.

84



Combining both cases, one gets

R{(N)
ib 2 b /2 ’
< Z Ai_l[ﬁhll]l\i’l_l[K,E_Jl]lmzn—l(cl + C1)1{#{fi._péi-p[nl-v[f-l<4}}
@201y e((Ny2)e2
b b)) ’
- Z AEE [P ARl (P11, i+ C), as.
@2 ) e((Ny2)<\ (N
and
Ry(N)
,b 2 b2 ’
< Z TNAA VA VA VAL P (o CMlgin 2 00 02 <a))
@2 BNy

= Z Ai’_bl [gfil]Ain’_bl [E,EJl]lTNZrI—I(CZ + Cé) a.s.
(@201 e((N)2)<2\(N)

The desired convergence (92) are therefore guaranteed by the induction hypothesis by
taking the expectation on both sides of the inequalities above. This is the end of the proof
of Lemma C.10.

O

Lemma C.11. For any test function F € By,(E%) and any coalescent indicator b € {0, 1}"*1,
we have

— I, 1
FZ:Z(F)erzn - r,;f’_bl’NQﬁ’bn_l(F)erZn—l = OL1 (_) .

VN

Proof. Before starting, we mention that this proof bears a resemblance to the one of
Lemma C.10. Thanks to Cauchy-Schwartz inequality, it is sufficient to verify that

— . _ 1
E [rn:N(F)zerZn - r,:’_llNQTﬁ’bn_l(F)ZITNZH_I] =0 (N) .

Again, similar to the equation (70), by the alternative representation (60) and decomposi-
tion (59), we deduce that

- 2
E [FJ;J’Q(F) 1oyon

N
Wn—l]
—_~ ,b ~ ,b ’
= Z Ajz—l[gglzll]Al—l[en[z]l]lTNZn—l

@ (N2

E Gibna(r B Xn )GIE (P By g Xay)

1 n-1:n’ n-1:n’

@2, e((nyzype

@) (48 g2 1@ Q0 121y pez ! LB N
An—l(An—l’gn—l)/ln—l(An—l’gn—l)F® (X" ’X” ) Wn—l :
Similar to the previous case, we denote
~ ~ ’ E[ZJ K,[ZJ
Ri(N) = > B | AL AL LGP NP2 00", X, )‘95_1] Loy,

(@2 e(Ny2y<e\ (N
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and
~ [2]
Ry(N) := > E [ALPLFG") ‘ Wff_l]
@2 e((Nyzp<e\ (N

~ ’ Z'[Z]
E [Ai;”m{”]ﬂxn" ) ’ wﬁ’_l] -

as well as

~ g[rf]

Rs(N)= > E [AL”V&EJ]F(XH ) ‘ Wff_l]
(@ ey
, AL
E [A%”[&Fl]ﬂxn ) ’ wf:_l] Loyzn
E[Z] e B /2]

Thanks to the conditional independence between An »B" and A" B given WY
we have

R5(N) = Ry(N)
~ [2] ~ ’ '[2]

= > E [A;”[&“]F(Xﬁn ) ‘ wﬁf_l] E [AZ”[&E”]F(X,‘;" ) ‘ wff_l] Toysn

(GANASEIST

= > B[RRIy ,X">’W£Y_1]1m2m
(@ e

from which we get

~ 2
E[rj;g(zr) 1oy on ij_l] = Ri(N) = Ry(N) + Rs(N). as.

Notice that Proposition C.10 gives, on the event {ry > n — 1},

=4 by 2]
> RGN, Ba Xa AT (AL 0 R(X; )’Wif_l]
(@21 e((ny2y<

E [GT B B, X A, (AL €K ‘ wy! ]
~ /12
— (Q;[,’bn_l(F)) (Xnn ll’X n-1
Hence, one has
Rs(N) =T7 , Qb (F) 1oyonots  as.
which guarantees that
E[R(N)] = E [T 01" (F) Toysnes |
Therefore, it suffices to verify that
1 1
E[Ri(N)]=0 (N) and E[Ry(N)] =0 (N) .
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Without loss of generality, we suppose that F = 1. The rest of the proof is done by
induction. For n = 0, by definition, we have

Ri(N) = Ra(N) = =5 = 0 (%) .

For n > 1, we suppose that

~i.b ~ib 1
E Z An—l[Efll]Ajz—l[grE]l]erZn—l =0 (N) .
(Z[Z] Y [2]1)6((N)2)X2\(N)4

As is stated many times, we may omit the notation 1, >,- since it is Wfl\r_l—measurable.
Once again, let us return to the decomposition (63). Since the essential idea is highly repet-
itive w.r.t. the reasoning in the proof of Proposition C.10, we skip some of the unnecessary
details in the rest of the proof.

@) Case: (12, €%y € (N)2)® n [N]4:

By the same procedure given in the proof of Proposition C.8 and Lemma C.10, we
obtain

Bn-1, Xn- I)C’T Pn- 1(£n[2]1 :n? Bn- l’Xn—l)

n—1:n’

E Z GT bn 1(€
(R LNy 2NN

AL
29 (a2 2@ (a1 et >|W£Y_1] -
<C11{#{£n 1° n len1 1° n 1<4}}

and

E |:61Tl,_b1n I(E[Z] Bn-1, Xn—l)/l(g)l (A

n-1:n’

||

’ )
n-1"n-1
(é[,f],é',[z])e((N)Z)xzm[N]g

2
)

n-1:n’ n-1°

E [élf; (@ B, 1,xn_1)a<®)l(A

N
n—1] erZn—l

<SCillgye 2 01 02 <y

n-1""n-1""n-1° n 1
where C; and C] are some constant that does not depend on N.

(ii) Case: (¢, £1)) e (N)2)** N [N]4:

This time, we get

Bp-1, Xn- 1)(}T bn- 1(6,1[2]1 :n? Bn- l’Xn—l)

n—1:n’

E Z GT bn 1 (g
(E[Z] ,E,[Z])E((N)Z)XZ ﬂ[N]4

1\ o2y tn 5 oh
n-1° n—l)F (Xn ’X"

A(Q)l (A /1(@)1 (A

nl’nl)

N

_1] 1TNZn—l
<

_C21{#{£1— n len1 1’ n 1<4}}
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and

——
Z E [Gjl’—l l(6512]1 > Bn—1, Xn- 1)A(®)1(An “n- 1)
@2 0P e(Ny2yen[N]

Wy,

ery_l] er >n—1

E [éj;f; (@1 By, X m@h(A

n-1:n’

2
)

n-1°

SCél{#{gl 42 e’l ’2 <4}}

n-1""n-1° nl

where C; and C] are some constant that does not depend on N.

By combining the both cases, we establish that

Ri(N) < D A A P MagsnaCo+ DLy o 1 ey
@ ey
= > FNSA VR VA VAN | B (Y o N )
@ P e(vyye\ (Nt
and
R(N)< ) ALIGL A Meena G+ Cl e o on 2 ay)
(G 22y
= D AR A (O M eyon (G + C)). as.

(U2 P\
By taking the expectation on both sides of the inequalities above, the desired convergence

(92) are then verified thanks to the induction hypothesis. The conclusion follows. O

Lemma C.12. Forany test function F € By(E,)®? and any coalescent indicatorb € {0, 1}"*1,
we have

ib ibn ib n-1 1
Tn 1NQ lc (F) F lNQfl Cb (F) OLI (\/—N),

as well as

Sib ~tba b bt 1
rr:—l,NQﬁ '(F) - F,l 1NQLb Y(F) = Op (\/_N)

Proof. First, we noticed that for any test functions F;, F, € B,(E,)®?, Minkowski’s in-
equality gives

r,i’ bl N D1loy>n1 !(’72[_1)92(131 + Fo)lryzn-1 — no2y (F1 + F2)|L1

Ny oo [P (F) ey 21 = 12, (F (96)

1 N(l)lfN>n 1 |(’7],:]_1)OZ(F2)1TNZH—1 - U;?El(FZ)| 2

Second, thanks to Cauchy-Schwartz inequality, Proposition C.5 and Proposition C.7, we
deduce that

1N(l)lfN>n 1 |(’71;:]—1)OZ(F1)1TN2n—1 - ’7;?31 F1)| .

< ||F:’_1,N(1)1m2n—1 i ||(r7f,‘[_1)92(F1)1szn—1 - U;?El(Fl)HLZ (97)

()
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Similarly, thanks to Proposition C.8, we also have

b
r2_17N(1)1TN2n—1 |(’7}ry—1)®2(F1 + F2)17N2n—1 - U;?El(Fl + F2)| ‘LI

S TSNV PR A Bt B V) (9)
T N Doy 2t (0300 P )Lz = 2 (B | -
and
T Nzt [0 2P ey sy = 1824 ()|
< f,f’_lLN(l)erzn—l |L2 |n )2 (Fi) ey 21 — U;?El(FO”Lz (99)

1
=0(—]|.
()
Finally, let us go back to two pairs of decompositions (76), (86) and (89), (91), the boundness
of G,-; and the homogeneous structure in these two decompositions allow us to apply
respectively (96), (97) and (98), (99). Note that

m(Xn—l)(Gn—l) = mez(xn—l)(l ® Gn—l),

and
m(Xn—l)(Gi—l) = mez(xn—l)(l ® Gi-])-

The desired L'-bound can therefore be obtained with some standard algebraic manipula-
tions.
O

D Partial R-algebra structure for transition oper-
ators

In the development of SMC framework, the Feynman-Kac semigroup plays a crucial role
in the theoretic analysis: it provides the natural martingale or bias-martingale structure
constructed by focusing on the local sampling errors at each level and/or by each parti-
cle. In the present work, it is also at the core of the proofs of technical results. However,
in asymmetric SMC framework, we need to consider a new type of structure, such as
the decompositions (24), (25) and (29). Alghough the coalescent Feynman-Kac measures
and coalescent tree occupation measures is very different in terms of construction, they
share the same algebraic structure. In the classic literature in the domain, the R-algebra
structure is regarded trivial: it is extremely easy to verify and no meaningful calculations
are conducted according to this structure. However, in the variance related problem of
asymmetric SMC framework, it is crucial to the construction of the variance estimators.
Therefore, we think it is important to summary and justify this particular calculations,
which is novel to the general framework in the SMC context. We start by the case where
all the particles share a same state space, in order to illustrate the intuition of our con-
struction.
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D.1 R-algebra structure on homogeneous state spaces

Let us assume that E = Ey = E; = --- = E,. First, we notice that (B,(E), +, X) admits a

R

ring structure, where “+” and “X” use the usual convention, that is,
Vf,ge Bp(E), f+9g:E>x— f(x)+g(x) €R,

and
Vf,g€ Bp(E), fXxg:E>x f(x)xg(x)eR.

Given a sequence of transition kernel (M, n > 1), we consider the uniform finite transi-
tion kernels at step n > 1 defined by

= {gn-1()Mn(x, dy) | gn-1 € By(E)} -

It is readily checked that Q, can be regarded a ring with (+, -). More precisely, the plus

« o

+” is defined by

Ve M(E), Vf € By(E), p(Q1+ Q2)(f) = pQi(f) + pQa(f).

Fixing a time horizon T € N*, we denote Q the ring generated by ULOQ”. Then, (Q, +, -)
allows a ring structure. Let us consider the ring R := B,(E), it is then natural to construct
an R-algebra (cf. Figure 3).

particle block: R-module (R, +, X) X (Q,, +)

A A

R-algebra: (R, +, X) X (Q, +, )

> time: semigroup (Q, -)

Figure 3: R-algebra structure of Feynman-Kac kernels

In this article, the first family of decompositions (24) and (25) is obtained by taking
R := By (E)®%. We consider the R-algebra structure on ), defined by the ring generated
by UT_ Q' with
o = 082 U ;0%

where

C19%% := {C1Qn | Qn € 957} .

The similar argument can also be used to define, P-almost surely, the R-algebra for the
random matrix with which we define the coalescent tree occupation measures for each
1 < N < +oo. The similar decomposition (29), which is valid P-almost surely, can thus be
regarded as the direct consequence of the R-algebra homomorphism.
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D.2 Partial R-algebra structure

More generally, since the state spaces may vary w.r.t. time horizon n, the semigroup struc-
ture is then not intrinsic: one should consider the partial semigroup, in which the associ-
ated composition law is associative when it is compatible. Moreover, using the same idea,
one may define the partial R-algebra, which, roughly speaking, is an algebraic structure
such that all the operations in an R-algebra is valid when it is compatible.
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